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Foreword 


At the time I learned quantum field theory it was considered a folk theo¬ 
rem that it is easy to construct field theories fulfilling either the locality or 
the spectrum condition. The construction of an example for the latter case 
is particularly easy. Take for instance an irreducible representation of the 
Poincare group with positive energy, and as an algebra of observables all 
compact operators in that representation space. This algebra of observables 
is even an asymptotically Abelian algebra. Since it has only a single repre¬ 
sentation - except for multiples of this one - it is hardly possible to replace 
locality in order to obtain a theory with a reasonable physical structure. 
This example shows that it is not sufficient to replace locality by asymptotic 
Abelian-ness. The construction of a theory fulfilling locality without a pos¬ 
itive energy representation was first done by Doplicher, Regge, and Singer 
[DRS]. However, modern investigations on the locality ideal in the algebra 
of test functions, started by Alcantara and Yngvason [AY], seem to indicate 
that this is a general feature; this means that most of the algebras of ob¬ 
servables fulfilling the locality condition will not have representations that 
also fulfil the spectrum condition. This discussion shows that quantum field 
theory becomes a subject of interest only if both conditions are satisfied at 
the same time. 

Some of the protagonists of the theory of local algebras would like to 
give a purely algebraic formulation of quantum field theory. However, for 
an algebraic formulation of the spectrum condition it must be possible to 
define Fourier transformations on the translation group. Therefore it is nec¬ 
essary that the action of this group be sufficiently continuous. If this is the 
case then the spectrum condition can be formulated on the algebraic level, 
as done by S. Doplicher [Dop], and moreover there are necessary conditions 
for the existence of a faithful representation obeying the spectrum condition 
[Bch70a]. Unfortunately this continuity assumption for the translations con¬ 
tradicts other requirements that also seem to be natural. If we look at the 
algebra of observables, associated with a finite region, then there are strong 
arguments for supposing that these are local von Neumann algebras. The 
existence of projections and the continuity assumption on the algebraic level 
do not match. 
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VI 


It is my opinion that such a continuity assumption for the action of the 
translation group is very strong. Many examples of thermodynamic systems 
show that continuity remains only in the time direction. Therefore one should 
try to get along without using this assumption. It is the subject of this text 
to find out how far one can handle the situation without the continuity 
assumption. 

The contents of these lecture notes are not the general theory of local 
observables but a special object of this theory. For the general theory one 
should consult the book “Local Quantum Physics” by Rudolf Haag [[Haa]]. 
Here we will treat the translation group together with the positive energy 
condition. The interplay between the locality condition in configuration space 
and the spectrum condition in momentum space leads to remarkable proper¬ 
ties for the translations. The Lorentz group will play no role in these notes. 
This is partly due to the fact that Lorentz symmetry is broken in electri¬ 
cally charged sectors [Buch,FMS] and partly due to the circumstance that it 
cannot be handled with the methods needed here. A reasonable treatment 
of the Lorentz group needs the Tomita-Takesaki theory [[Ta]]. 

The main tools for deriving properties of the translations are functional 
analysis and the theory of several complex variables. What is needed for the 
purpose of these notes will be presented in Chaps. II and III. The first chap¬ 
ter deals with the assumptions of the theory of local observables and the 
construction of simple examples. Properties of the spectrum of the trans¬ 
lations, which are only consequences of the positive energy condition, are 
derived in Chap. II. In the last chapter we deed with those properties of the 
spectrum of the translations, which are consequences of the properties both 
in configuration and in momentum space. In addition we also derive some 
consequences for the theory of local observables. 

These notes are based on lectures I gave in Gottingen several years ago. 
Some of my students went through my notes while preparing their diploma 
theses and corrected some misprints. I thank all of them for their help. In 
particular I would like to thank R.N. Sen from the Ben Gurion University of 
the Negev for reading the text and St. Trebels for helping with the figures. 


Gottingen, 

March 1996 Hans - Jurgen Borchers 
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Chapter I 


The Axioms of the Theory of Local Observables 

This chapter is devoted to a description of the assumptions of the theory. 
Since it is believed that the theory of local observables is a theory which 
starts more or less from first principles, our discussion also tries to start from 
some general ideas. However, no attempt is made to enter into the theory 
of measurement, or into a discussion about the justification of the standard 
setting of quantum mechanics. The only purpose of the first section is to give 
some plausibility arguments as to why the axioms are chosen in the manner 
presented. 

In sections two and three models are constructed which fulfil the assump¬ 
tions of the theory, in order to show that these axioms do not describe the 
empty set. These examples describe the non-interacting theory, the so-called 
free fields. The second section deals with the free Bose field and the third 
with the free Fermi field. Examples of interacting fields do exist in two and 
three space-time dimensions. For the time being there exist no models in 
four dimensions describing interacting particles on a mathematically rigor¬ 
ous basis. 


1.1 The assumptions of the theory 

In every physical theory one is dealing with two kinds of objects. One kind 
consists of things which one wants to investigate. They are called the states, 
and they are either given by nature or they are prepared for the sake of an 
experiment. The second class of objects consists of the devices used for inves¬ 
tigating the states. They are called observables. The observables used here 
are idealizations of the measuring instruments of the experimental physicist. 
For measuring a certain physical quantity, the experimentalist will use a 
family of different devices, each applicable in a certain energy range, but our 
observables are applicable in all circumstances. In most cases the outcome 
of an experiment is a position on one or several scales, i.e. real numbers and 
units describing the scales. In our idealization we fix the units once and for 
all so that we are left with real numbers. We may think of the units as being 
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attached to the observables. They are needed for computing numbers to be 
tested by experiments. 

Let S be the set of states and O be the set of observables. It is assumed 
that every observable x £ O can be used in order to analyze any state u £ S. 

The outcome of the measurements defines a map: 

M : SxO=>B.. 

The value of the map will be denoted by ui(x). 

It is clear that the measurement should fulfil some obvious properties, 
namely two states will be called identical if they give the same result on 
every observable, i.e.: 

Ui,uj 2 £ $ and 

u>i (x) = U 2 (x) for every x £ O 
implies : — UJ 2 - 

Correspondingly two observables will be called identical, if they give the 
same result when applied to any state: 

X \, X 2 £ O and 

u(xi) — u}(x 2 ) for every ui £ S 
implies : x\ = X 2 - 

These two properties mean that S separates O and vice versa. This scheme 
is flexible enough to allow future discoveries. What we call a state nowadays 
might turn out to be an equivalence class of states at later times. But this 
is only possible after having discovered new observables and new states at 
the same time because states and observables must be mutually separating. 

In order to get to a theory it is necessary to put more structure on the 
sets S and O. Since von Neumann’s description of the quantum mechanics 
[[Neu]] it is customary to assume that the observables are self-adjoint el¬ 
ements affiliated with a von Neumann algebra or with a C*-algebra. Here 
we only will use bounded elements, corresponding to bounded functions of 
“real” physical observables. The physical states are the normal states of the 
algebra in the first case and all states if we deal with C*-algebras. The math¬ 
ematical expression “state” means a normalized positive linear functional on 
the algebra. There have been many attempts to justify this choice. Most of 
them are known by the name of quantum logic. This kind of investigation 
was initiated by Birkhoff and von Neumann [BN]. A survey of the early part 
of this theory can be found in the book of H. Reichenbach [[Rei]]. For more 
modern discussion of this subject see Varadarajan [[Var]] or the book of 
R. Haag [[Haa]]. These investigations try to give a justification of quantum 
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mechanics of a finite number of degrees of freedom. In this situation one 
can assume the existence of logical atoms. Later on they will become the 
minimal projections of the von Neumann algebra to be constructed. Since 
different people choose different axioms for their setting this theory is not 
in its final state. Therfore, in my opinion, these investigations are not yet 
conclusive. Morover, the procedure of canonical quantization 

[quPj] = i $i,j, fa, Qj] = \PuPj] = 0 

does not assign a unique meaning to functions of q and p. But fortunately 
these ambiguities do not affect the great success of quantum mechanics. 

The situation becomes even less satisfactory if we look at quantum field 
theory, i.e. at systems with an infinite number of degrees of freedom. All 
the nice results obtained by quantum logic using the existence of logical 
atoms cannot be used here. There exist no atoms since every subsystem 
can be enlarged. This implies that a logical atom of a subsystem does not 
remain a logical atom for the enlarged system. If we start from a Lagrange 
function the construction of a field theory (if it is possible) seems to be more 
ambiguious than the constructions in standard quantum mechanics. In the 
latter case one can start from the Poisson bracket, while the meaning of an 
infinite dimensional Poisson space is unclear because of the lack of a definite 
topology. Despite all these problems I will take a pragmatic attitude. So far 
the algebraic approach has been very successful and therefore I will stay with 
it. 

This means it is assumed that the observables are self-adjoint elements 
of a *-algebra containing the identity. States are then identified with the 
normalized positive linear functionals on this algebra , i.e. states which take 
value 1 on the identity. The set of normalized positive linear functionals on a 
♦-algebra forms a convex set and it will be assumed that the physical states 
coincide with this set. If moreover for every x € O 

sup{|a;(:r)|;w 6 5} 

exists, then this defines a norm on O, so that O is the self-adjoint part of a 
normed *-algebra. Since every state on *-algebra gives rise to a representa¬ 
tion on a Hilbert space, it follows with some additional assumptions that the 
normed algebra is a dense subalgebra of a C*-algebra. Prom now on we shall 
assume that the observables O form the self-adjoint part of a C*-algebra A 
and that the set of states coincides with the states of the algebra A. 

Every measurement is performed in a laboratory. Moreover, it is done 
by a device which has to be switched on in order to be prepared for a 
measurement, and, after the measurement is over, the device will be switched 
off. Therefore one should associate to every observable x a domain O(x) in 
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space-time, where O(x) is the smallest domain in which x can be measured. 
Then it is clear that x can be measured in every larger domain. We also 
assume that, if x can be measured in Oj and y in 02 , then x + y,xy + yx 
and i (xy — yx) can be measured in O] UO 2 . 

In the following the space-time will always be a Minkowski space of di¬ 
mension d > 2, this means the space IR d furnished with the metric g ty j with 
9o,o = 1) 9i,i = — 1 for i = 1,... d — 1, gij = 0, i j. For a, b € H d the 
scalar product is defined by (a, b) = a°b° — J2i=i = a °^° — (a, b) with 
a = {a 0 , a}. The (open) forward light-cone V + denotes the set a G IR d with 
a 2 > 0 and a 0 > 0. A point a € JR d is called spacelike if a 2 < 0. With this 
notation the first axiom is the following: 

Axiom I. 

To every bounded open region O in Minkowski space is associated a C*~ 
algebra A(O) which fulfils isotony, i.e., 

Oi C O 2 implies A(Oi) C -4(02)- 


The meaning of this assumption is, of course, that the self-adjoint ele¬ 
ments in .4(0) are exactly all observables which can be measured in 0. 

By this axiom, the family of 0*-algebras 4(0) form an increasing net. 
Its CMnductive limit will be denoted by 4. If G is an arbitrary open domain 
in H d then 4(G) will be the smallest sub-G*-algebra of 4 containing 4(0) 
for every bounded 0 C G. 

This theory should describe not only quantum mechanics but also satisfy 
the principles of special relativity. One of the concepts of relativity is that an 
action can be transmitted with a velocity at most that of light. This implies 
that an event in the domain 0 can influence other objects only if they are 
in the domain 

o + v + . 

If we associate to every observable A a domain 0(4) in space-time then this 
observable can disturb other objects only if their location enters 0 + V + . 
Therefore, two observables do not influence each other if their supports are 
spacelike separated. But by the principles of quantum mechanics this means 
that the operators representing these observables must commute with each 
other. From this discussion follows: 

Axiom II. 

If two bounded regions 0% and O 2 are spacelike separated (this means a € Oi 
and b € O 2 implies always (a — b) 2 < 0) then every operator in 4(0i) 
commutes with every operator in 4(02). 
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Physics is based on the fact that one can repeat experiments at different 
places and at different times. Such a situation is called a symmetry. In terms 
of the previous discussion a symmetry is a pair of mappings (a, (3) such that 

a : 0 -» O maps observables onto observables 


and 

j3 : S —» S maps states onto states 

without changing the results of measurements. This means for to £ S and 
x e O one requires 

(0<jj)(ax) = u(x). 

If we replace the observables by the hermitean part of a C*-algebra and 
if a is also an affine map which leaves the identity fixed, then it can be 
shown that a may be decomposed into two parts where one part is an auto¬ 
morphism of the algebra and the other is an antiautomorphism. Here we are 
interested in a group of symmetries where every group element is represented 
by an automorphism (the use of anti-automorphisms for continuous groups 
is burdened with some pathologies). As an example we consider the time 
symmetry then a t or [3 t has to be interpreted as time development. Because 
of the two possible choices we get either the Heisenberg or the Schrodinger 
picture of quantum mechanics. 

The group we are interested in is generated by the translations and the 
Lorentz transformations. For this we use the name Poincare group. Amus¬ 
ingly enough the homogeneous transformations are seldom used in the theory 
of local observables. Therefore, we state the third axiom in two parts 

Axiom III. 

The translation group of the Minkowski space acts as a group of auto¬ 
morphisms on A in such a way that the equation 

a a A(0 ) = A(0 + a), a e 

holds for every bounded open region O C . 

Sometimes it is useful to have the whole Poincare group, denoted by P, 
acting as symmetry group, in which case we formulate the axiom as follows: 

Axiom III.P 

The Poincare group of IR d acts as group of automorphisms on A such that 

a g A(0 ) = A(O g ) 

holds for every g in the proper orthochronous Poincare group. 
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Here g consists of a Lorentz transformation A and a translation a € lR d 
for which g — (A, a) with 

{A, a)x — Ax + a, Vx € JR d , 

and O g denotes the image of O by g. 

Before formulating the next axiom, some notation is needed. If we have a 
C*-algebra A and a group G acting by automorphisms a g on A then we call 
the triple {A, G, a} a C*-dynamical (kinematical) system. A representation 
{' H , 7r, U} will be called a covariant representation if 7r is a non-degenerate 
representation of A on a Hilbert space Ti, and U a continuous unitary repre¬ 
sentation of G on V. implementing the automorphisms a g , i.e., fulfilling the 
equation 

U{g)'n{x)U*{g) = n(a g x), x G A g €G. 

If now G is the abelian group IR d then one has an integral representation 

U(a) = J exp{i(a,p)}dE(p) 

where E(p ) is a projection-valued measure on the dual space of ]R d which 
is again fft d . The group representation U(a) is said to fulfil the spectrum 
condition if the support of the measure dE(p) is contained in the closed for¬ 
ward light-cone V + . A representation of {A, IR d , a} is called a representation 
with spectrum condition if the spectrum of U in is contained in 

the closed forward light cone V + . Such a representation will be denoted by 

{n^v+y. 

We are convinced that we can learn the laws of physics by investigating 
finite-particle physics. Infinite-particle physics does not exist in a labora¬ 
tory. This means we believe that no new laws of physics are needed when 
passing to infinite systems, as for instance systems exhibiting thermody¬ 
namical behaviour. But the discovery of all physics means in particular the 
discovery of all observables. From this we conclude that all finite-particle 
representations together should give rise to a faithful representation of the 
algebra of observables. 

But what are finite-particle representations? This is clear when dealing 
with a theory containing only massive particles, namely these are representa¬ 
tions fulfilling the spectrum condition. However, if we have photons or other 
massless particles in the theory then in the same representation space where 
we have a finite number of massive particles there might exist also clouds of 
massless particles containing an infinite number of particles but with finite 
energy. Therefore one should associate the notion of finite-particle represen¬ 
tations to representations with positive energy. But since we wish to have a 
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theory fulfilling the principles of special relativity the finite-particle repre¬ 
sentations will then be identified with representations fulfilling the spectrum 
condition. From this discussion follows: 

Axiom IV. 

The algebra A generated by all local observables admits a faithful represen¬ 
tation {K, 7 r,U,V } fulfilling the spectrum condition. 

A theory satisfying Axioms I to IV (without Axiom III.P) will be called 
a theory of local observables, and will be denoted by {A ( O), A, H d , a}. 

1.2 Examples: Free Bose fields 

In order to show that the axioms are not contradictory one has to construct 
some examples fulfilling the assumptions of the last section. The models 
in this section are based on the canonical commutation relations (C.C.R.). 
Therefore we start with a short discussion of the C.C.R. before constructing 
the examples. The C.C.R. appear in several different forms. Some of them 
are as follows: 

Case I: 

Let £ be a real vector space furnished with a non-degenerate symplectic 
form o(x, y ). This means a is defined on E ® E and has the properties 

&(x,y) =—v{y,x) and a(x,y) = 0 V y € E implies x = 0. 

One is searching for an abstract *-algebra Ae,<t such that Ae,o is gen¬ 
erated by the elements u(x) fulfilling 

u(x) = u(—x)* = u(—x)~ x , and ii(0) = 1, 


and 


u(x + y) = exp{icr(x, y)}u{x)u{y). 


Case II: 

Assume E\ and E 2 are two real vector spaces and B(x,y), x € E\, y € E 2 
is a nondegenerate bilinear form on E x x E 2 . One is looking for a *-algebra 
AE lt E 2 ,B generated by the elements u(x), x G E x and v(y), y € E 2 with the 
properties 


u(x ) =u(—x)* = u(—x) 

[u(x), n(x')] = 0, u(x)u(x') = u(x + x')\ 
v{y) =v{-y)* = v{-y)-\ 
[v{y), v{y')] = 0, v{y)v{y') = v{y + y'), 


x G E x , 
x, x 1 E E x , 
y£E 2 , 

y',y£ e 2 , 
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and 


u(x)v(y) = exp{i B(x,y)}v(y)u(x). 

Defining the space E = E\ © E 2 and the symplectic form a on E by: 

cr{x@y , x' @y') = ~{B{x,y') - B(x',y)}, 
and introducing elements u by 


u(x © y) = u(x)v(y)e ' 2 


one obtains by simple calculation 

u(x' © y')u(x © y) = exp{—i<r(x' © y', x © y)}2{(x' + x) © (y' + y)}. 


But this shows that II is a special case of I. 

Case III: 

If the space E of the case I happens to be a real Hilbert space, and if the 
symplectic form a is a continuous bilinear form then the Riesz representation 
theorem tells us that there is a linear operator /3 acting on E with: 

a(x,y) = (x,/?y). 


This operator (3 has the properties: 

/?* = -/? and 0 2 < 0. 


Case IV: 

Finally let E be a complex Hilbert space with scalar product ( x,y). Then 

<x,y>= Re {x, y) 

defines a non-degenerate real scalar product and makes E into a real Hilbert 
space. In addition 

a(x,y) = Im (x, y) 

defines a symplectic form on E , so that IV is a special case of III. The corre¬ 
sponding algrbra will be denoted by On the other hand having the 

information of III one is able to construct a complex Hilbert space provided 
one has f3 2 = —1. For A, y € 1R identify the vector 

(A + i y)x with Xx + ypx 

and define a new scalar product by the equation 

(x, y) =< x, y > +i < x,(3y > 
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The algebra Ae,<t, described in case I, consists of elements of the form 
Y Aiu(xi), A € C,x» € E and on this algebra one can introduce a norm: 

||^A iU (xi)||i = El A «l- 

Denoting by A X E „ the completion of Ae,<, in that norm, one defines As,a 
as the enveloping C*-algebra of A^^. This is not the only way of defining 
C'-algebras associated to the canonical commutation relations, but this one 
is the minimal one containing all u(x). 

In applications to physics not every representation of Ae,<j is of interest. 
One is looking for those representations 7r for which the unitary representa¬ 
tion -rr(u(tx)), t € 1R, x € E is continuous in t for every fixed x € E. 

For constructing a model of the theory of local observables, let m > 0. 
Then 5{p 2 — m 2 )0(po) defines a measure on the upper sheet of the hyper¬ 
boloid p 2 = m 2 . Let Hm be the Hilbert space 

n m = C 2 (S(p 2 -m 2 )0(j> o )) 


and let 

Ati(*) = P 2 ~ m 2 )0(p o )) 

be the Fourier transformation of the above measure. Since the measure has 
its support in the light cone V + it follows (for details see II. 1) that (x) is 
the boundary value of an analytic function holomorphic in the forward tube 

T(V + ) = {ze C d ; Imz 6 V+}. 

Moreover, since the measure is real and invariant under Lorentz transforma¬ 
tions one obtains __ 

Am(-z) = A+{z), 

and by the Hall-Wightman theorem, that A^(z) is invariant under com¬ 
plex Lorentz transformations. This implies in particular that A + {z) has the 
following special form: 

A+(z) = F(z 2 ), 

where F(w) is holomorphic in the cut plane € \ IR + . (The two different 
boundary values of F(z 2 ) correspond to x € F 4 " and x € —V ¥ ). From the 
two relations of A + we obtain 

“4m(x) := A+(~x) = A m( X ) for X 2 < °> 


and consequently 


Imxd^(x) = 0 for x 2 < 0. 
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If /, g G <5(]R‘ 1 ) then they can be mapped by Fourier transformation into 
One obtains as scalar product: 

J f(x)A+(x-y)g(y)dxdy = J J r ~ 1 f(p)J :r - 1 g{p)S(p 2 -m 2 )0(p o )dp. 

Due to the fact that the measure is supported only on the upper branch 
of the hyperboloid one sees that already the real elements in 5(H d ), denoted 
by 5 r (lR <1 ), define a dense subset of H m (by Fourier transformation). Next we 
define the local algebras. Since The algebra is described by the hyperboloid 
of mass m we write Am instead of {AW, A^}. 

1.2.1 Definition: 

On <S r (IR ri ) define a scalar product by 

( f,g) = J fix)A+(x-y)g(y)dx d y 

which makes 5 r (lR d ) into a pre-Hilbert space. Let A m be the C*-algebra as 
above and define A(O) to be the C*-algebra generated by {«(/); supp / c O }. 

From this one obtains: 

1.2.2 Lemma: 

Define on the algebra Am an automorphism a g , g = (A, a) by 

agu{f) = u(f g ), with f g (x) = — a)). 

Then the system {A(O), Am, P. a} fulfills the axioms I, II, and III.P of sec¬ 
tion 1.1. 

Proof: That Axiom I is fulfilled is trivial. Next let f,g € 5 r (lR‘ i ) and 
supp / C Oi , supp g C 0-2 and assume 0\ and O 2 are spacelike separated. 

Since / and g are both real we obtain 

Im (/, 5 ) = J f(x){A+(x -y)-A+(x- y)}g(y ) dx dy = 0 

since Im/l+(x — y) = 0 for (x — y) 2 < 0. From this one sees that u(f) and 
u{g) commute. 

From the invariance of the measure under Lorentz transformations one 
finds that the equation #(/) = $(g) implies $(fh) = $(gh), with h ~ (A, a), 
and where $ denotes the mapping of 5 r (R d ) into defined above. This 
shows that the above map indeed defines an automorphism of A m satisfying 
Axiom III.P. □ 

In order to show that one obtains a local ring system one has to construct 
a representation of this algebra fulfilling the spectrum condition. This will 
where < .,. > denotes the scalar product of the real Hilbert space. 

Pufic TVty.ltc.1 
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be the Fock representation of A m . Denote by S n/ H m the symmetric part of 
the n-th power of TL m with respect to the tensor product. Define 

OO 

SU m = Y J ®S n U m , S°H m = €. 
o 

Since the construction presented here is independent of the Hilbert space, 
TL might be any Hilbert space without further specification until the repre¬ 
sentation of the Poincare group is needed. 


1.2.3 Lemma: 

For every ip € TL define in STL a special vector which will be denoted by 


exp ip. 


exp ip := 1 Qip 
These vectors have the properties: 


—0 ip © ■ • • ® 
v2! vn! 


(exp ip, exp p) = 


and, moreover, the set of vectors {exp?/>, ip g TL] is total in STL. 

4 

Proof. The relation for the scalar products is a simple consequence of the 
definition of tensor products of Hilbert spaces. To prove the second statement 
take p g STL with (p, expip) = 0 for all ip G TL. Writing p — with 
p n € S n TL one has £ ||<p„|| 2 < oo. For z € C one finds: 

\(<P, exp zip)\ < ^ 

£ M Ml" ^ < {£ M 2 } 1/2 e ,/2 “’ w ’. 

This implies (p, exp zip) is an entire analytic function in z and consequently 
(p, exp zip) = 0 implies (p n ,ip® n ) = 0. Inserting for ip the vector ^"=1 w & 
with & € TL and W{ € € one obtains a polynomial of degree nvawi. Picking 
the coefficient of n”=i w i one obtains 

(v»,S n 6®6®"-®&.) = 0 

where S n denotes the symmetrization operator. But these vectors are total 
in S n TL so p n — 0 and hence p = 0. □ 

Using this notation one defines a representation of the Weyl algebra as 
follows: 


1.2.4 Definition: 

Let TL be furnished with the symplectic form a(x, y ) = Im (x, y); on STL one 
defines linear operators ir(u(x)) =: U(x) by the equation: 

U(y) exp a; = ~(y* x )} exp (y + 1 ). 
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1.2.5 Lemma: 

Let U ( x) be the operator defined above. Then 

i. U(x) defines a representation of the Weyl system (P,lm(x,y)). 

ii. This respresentation is faithful and for t 6 IR the unitary group U(tx) 
is strongly continuous. 

Proof. First one shows that U(x) is unitary by the following calculation: 
(U(y) expx',U(y)expx) 

= 11 exp(j/ + x'), _ (v- x )} exp (y + x)) 

= e {~\\y\\ 2 -Ty^-{y> x )} e (v+ x '<v+ x ) - e ( x '- x ) - (exp x', exp x). 

This means U(y) is isometric, but since U{y) maps a total set onto a total 
set, it follows that U(y) is unitary. Next one obtains: 

e i<r ( x >») U(x)U(y) exp z 

_ gi< 7 (*iJ/)g{ — l/2||x|| 2 — — l/2||y|| 2 —(y,i)} ex p( x y 

= e{- l l 2 \\ x+ y\\ 2 ~( x+ y' z )} exp(z + y + z) = U(x + y) expz. 

This shows that U(x) fulfils the proper algebraic relation. 

From the fact that expo; and exp x 1 coincide only if x and x' coincide one 
sees that U(x) ^ U (x 1 ) for x ^ x', and hence one has a faithful representation 
of the algebra An,a- Since the expression 

U (tx) exp y = e* exp (tx + y) t 6 IR 

is analytic in t it follows that U(tx) is strongly continuous in t. □ 

It remains to show that the representation on SP m defines a respresen¬ 
tation fulfilling the spectrum condition. 

1.2.6 Proposition: 

Take P = P m . Then: 

a. The linear operators defined by 

V(g) exp ip = exp tp g , xp € P m 

define a continuous unitary representation of the orthochronous Poincare 
group fulfilling the spectrum condition. 

b. V(g) induces the automorphism a g on the representation U (<p) of the 
Weyl-system 
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V(g)U(tp)V 1 (g) = U{<p g ) = ir (a g u(ip)). 

Hence {.4(0), Am,^, a} fulfils all the axioms of section 1.1. 

Proof: Since the measure 6(p 2 — m 2 )0(po) is invariant under orthochro- 
nous Poincare transformation it follows that v(g)ift = ip g defines a unitary 
representation of the Poincare group on 'H m . Since the translations corre¬ 
spond in momentum space to multiplication by e ,pa one sees that v(a) fulfils 
the spectrum condition. On H m ® ® ® the group representation 

v(a) ® v(a) ■ ■ ■ <8> v(a) fulfils again the spectrum condition and has S n ’H m as 
an invariant subspace. Hence defining 

V(a) £ S n H m = £ v® n (a)S n H m 

one obtains a continuous unitary representation of the orthochronous Poin¬ 
care group fulfilling the spectrum condition and v(g)tp = <p g . 

Now the definition of U (</?) gives 

V(g)U((p)V~ 1 (g)expip = e -1 / 2 ^ '>v(g)exp(tp + ip g -i) 

— e -i/2||v 9 || 2 -(¥>9.V') exp(^ s + ip) = U((p g ) expip. 

But this shows that V ( g) implements the automorphism a g . □ 

This model corresponds to a scalar free field of mass m. It can be gener¬ 
alized in several directions. 

i. One can take the limit m O.Tn the case of one space and one time 
dimension one has to take care about the point 0 in momentum space. 
In order that all formulas make sense one has to start with functions 
vanishing at the origin of the momentum space. 

ii. Let n be a measure on the real line which is polynomially bounded and 

vanishes for negative values. Then in all the previous considerations H m 
can be replaced by J 0 °° In this case Z\+(x) is replaced by 

r Am(x)dn(m) =: A+(x). 

iii. ( x) is again analytic for spacelike x. This remains true if one replaces 
A+(x) by P(D)A+ (x) where P{D) is any polynomial in the derivatives. 
However, as one needs a positive scalar product one finds that P is of 
the form P(—iD) with P(q) > 0 for q € V + . If P is not an invariant 
polynomial one loses the invariance under Lorentz transformation. 

iv. Finally one can replace the “functions” A + (x) by a matrix Af k (x), 
i,k — 1 ,...,n where J r ~ 1 Af k {p) = v^k are measures with support in 

and each of the measures is of the form v{p) = P(p)p(p) with 
p{p) an invariant measure. Moreover, for every (c { ) e <D n the measure 
CiCj^ijip) has to be positive. 
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The last extension allows one to describe also the so-called fields with integer 
spin. All these examples are known under the name of generalized free fields. 


1.3 Examples: Free Fermi fields 

Another family of examples fulfilling the axioms of section 1.1 can be ex¬ 
tracted from the canonical anti-commutation relations (C.A.R.). Again we 
start with a short discussion of the C.A.R. which also appear in different 
forms. 

Case I: 

This is called the Clifford algebra case. Let £ be a real Hilbert space with 
real non-degenerate scalar product. One is looking for a linear mapping ip of 
the space E into a (7*-algebra satisfying the anti-commutation relation 

M/)»V(0)}“2(/» 5)H = 0 

with {(p, x} = VX+XV and the condition <p(f) = <p(f)*. From these relations 
one concludes ||{<p(/), y>(/)}|| = 2||^(/) 2 || = 2(/, /) so that ip is an isometric 
map. The Clifford algebra is the free algebra generated by the elements 
in H modulo the two-sided ideal generated by the elements of the form 
{<p(f), <p(g) } — 2(/, g)t. Then ip is a representation of the Clifford algebra. 
Case II: 

This is usually called the Fermi case. Let E again be a real Hilbert space. 
Now one wants to associate to every / e E two operators tp(f) and <p(f)* 
such that <p(f)* is the adjoint of <p(f) and both fulfil the anti-commutation 
relations 

{¥>(/)• ¥>($)} = {<?(/)*> ¥>( 5 )*} = 0 

and 

{<?(/)> ¥>( 5 )*} = (/> 5 ) 11 - 

For computing the norm of tp(f) notice first that p(f) 2 = | {¥>(/)> ^(Z)} = 0. 
So one obtains: 

¥?(/)>(/) ¥>(/)*¥>(/) = ¥K/)*M/)> ¥>(/)*M/) 

= (/,/M/)V(/)- 

Consequently, if ||.|| is a C*-norm 

ll¥ J *(/)¥ J (/)l| 2 = (/> f)\\ l P(f)* ( P(f)\\ 


and if tp(f) ± 0 

Mf)t = (/,/) = ll/ll 2 , 

which implies that the map <p is again isometric. 
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Case III: 

This is the Fermi-Dirac case. Let M be a complex Hilbert space and let K 
be a conjugation on %. By a conjugation we mean an antiunitary operator 
K on H which fulfills K 2 = t and K* = K. Define: 

n = n®n 


and 




K is a conjugation on H. Define on W a bilinear form 

<f,g>= (Kf, g) = (Kf 2 , 9l ) + (Kf x , g 2 ) 


with / = f x © f 2 , g = gi ® g 2 . 

Now one looks for a complex linear mapping ip of % into a C*-algebra 
satisfying the relations 

=<f,9> 1 


and 

ip(f)*=ip(Kf). 

Let T be the one-dimensional torus. Define for / € W a map (3 V by the 
equation 

W/.e/^e^ee-^. 

/3 V is an isometry of H. Moreover, 

< > = (ife^/ 2 ,e\) + (Ke' v fi,e~ iv g 2 ) 

= (Kf 2 ,g 1 ) + (Kf l ,g 2 ) =<f,g> . 

This shows that the bilinear form is invariant under the transformation (3 V . 
This implies together with 0 V K = K/3 V that the equation 

aV0(/) = i>(Apf) 

defines an automorphism of the C*-algebra A(y.) generated by the ip(f). 
Moreover, a v is strongly continuous on polynomials in ip and since these 
polynomials are norm-dense in A(H) it follows that a v defines a strongly 
continuous group of automorphisms on A(W.). 

Since T is a compact group with dual TL every A € A(K) can be written 
as a sum 

OO 

A = ^ A n with a v A n = e' nv A n . 

— OO 


Piific "Ph.y.A.ic.A. 
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Set 


A n {H) = {Ae A(H); a v A = e in< M}. 


Then 


CO 


A{H) = Y 4 MU) 

— oo 


where A n (H) are norm-closed linear subspaces of A(H) satisfying the mul¬ 
tiplication rule 

A n (7i)A m (n) C A n+m 

with 

{A n {U)Y = A- n (H). 

This shows that the Fermi-Dirac algebra A(W) is a Z-graded C*-algebra. 

For constructing a free field describing charged particles of spin 1/2, we 
choose 4 x 4 matrices 7*, % = 0 ,..., 3 fulfilling the relations 


7*7* + 7*7* = 2 g t,k . 


Since g 00 = 1 and g tl = —1, i = 1,2 ,3 one can choose 7 in such a way that 


(7°r=7°. ( 7 T = “7* * = 1 , 2 , 3 . 


With these matrices, using the summation convention, the Dirac equation 
reads: 

(y7 j dj - m)'ip(x) = 0 

where ip(x) is a four component vector function. In moment u m space the 
Dirac equation reads: 

(7 3 Vj ~ m)ip(p) = 0. 

Applying to this equation the operator (7 k pk + m) one obtains as a conse¬ 
quence of the anti-commutation relation for the 7’s the equation 


( p 2 — m 2 )ip(p ) = 0. 


This implies that the solutions of the Dirac equation are also solutions of 
the wave equation. 

Introducing the operators 

Q ± (P) = ^(m ±7 { Pi), 
a simple calculation gives the following relations: 


Pitfic Tfani/temattcn/ 
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Q + (p)Q + (p) = Q + (p ) + (p 2 ~ m2 ) 

Q~(p)Q~(p ) = <2 _ V) + ~ ™- 2 ) 

Q + (p)Q~(p ) = <3 _ (p)Q + (p) = - m ' 2 ) 

Q + (p) + Q-(p) = i. 

This shows that these operators are projections when restricted to the hy¬ 
perboloid p 2 = m 2 . 

Since the Dirac operator is nothing else but —2mQ~ (p) it follows that the 
restriction of Q + (p)ip(p) to p 2 = m 2 is a solution of the Dirac equation. This 
property remains true if one multiplies Q + by a scalar A which is allowed to 
depend on p. A special role in the quantization of the Dirac field is played 
by the operator 

R = 

In order to understand this factor let us try to define a Hilbert space of 
solutions of the Dirac equation. A first attempt might be 

(9,f) 1 = J(Q + (j>)9(p),Q + (p)f{p))$(p 2 -m 2 )dp 

with 

0 Q + (p)g(p ), Q + (p)f(p)) = 9„(p)(Q + *Q + )^U(p)- 

For the computation of the expression Q + *Q + use the above-mentioned 
choice 7°* = 7°, 7* = -7, to obtain: 

Q + (P) = 2m ( m + 7°Po + (7. P)) and 

1 3 ^ 

Q + (pT = 2m( m + 7°Po - (7, P)) with (7, p) = 7 W 

1 

Using the anti-commutation relation for the 7’s one obtains: 

Q + (p)*Q + (p) = ~(m 2 + 2m7°po + 7 ° 2 p% + 7% (7. P) 

- (7. p)7°Po - (7, P) 2 ) 

= ( m2 “ ^ + 27Vo(m + 7Vi)) 

= t~ 2 ( m2 — p 2 ) + — 7 °<2 + . 

4m 2 m 

The first term vanishes when restricted to the mass hyperboloid. The second 
term contains pa as factor, but po6(p 2 - m 2 ) is not local in configuration 
space. Therefore we have to look for another scalar product. 



Pitfic IftgdtejHgitBttf ~Ph . y.A i.c. A . 
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It is our intention to use the Fermi-Dirac method described under Case 
III to obtain a quantized Dirac field having vanishing anti-commutators for 
spacelike separations. This means a local function should appear in scalar 
product. But the Fourier transform of 5(p 2 - m 2 ) is not a local function, 
however the Fourier transform of e(p 0 )5(p 2 -m 2 ) is (e(A) = sign A). Therefore 
if one replaces Q + by R = one obtains: 

JVR = 7 »< 5 + e(Po) + 

Finally one may define the scalar product as follows: 

(9, f) = f (R(p)9(p),R(p)f(p))fi(j> 2 ~ m 2 ) dp 
= J ( 9(P ), 7°Q + f(p)fi(Po)6(j> 2 ~ rri 2 ) dp 
= J (g(x), 7 °S(x - y)f(y)) dx dy 

where S(x) is the Fourier transformation of 

Q + (p)e(p 0 )S(p 2 -m 2 ). 

Notice A(x) = J r (e(p 0 )5(p 2 — m 2 )) vanishes for spacelike x, as does 
S m (x ) = ^( m+ j 7 J dj)A m (x). 

Now we are ready to introduce the field algebra associated with the 
Hilbert space of solutions of the Dirac equation. 

1.3.1 Definition: 

Let K be the Hilbert space of solutions of the Dirac equation with the above 
scalar product and let K be the complex conjugate in configuration space 

Kf{x) = W)- 

(a) Define T{0) to be the smallest C*-algebra generated by the Fermi-Dirac 
operators ip(f),f G <S(IR, 4 ) x (C 4 © © 4 ) and supp f C O. 

(b) T is defined as the C* -inductive limit of all the F(O) and it is called 
the field algebra. 

(c) Define a translation by the relation 

Otatp(f) = 1p(fa), a £ IR 4 . 

This extends to an automorphism of F since the map f —>• f a is a unitary 
transformation of % leaving invariant the bilinear form < f,g > . 

~PufLt2. ~Ph . y.A .Lc. A . 
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(d) If f is of the form /© 0 then write ip(f) instead ofip(f) and ifg has the 
form 0 © g then write ip*(g) instead of ip{g). This notation is justified 
by the relation 

m)r=r( 7). 

(e) Let M be a monomial in the operators ip{f) and ip* (g). Letn(M) denote 
the number of factors ofip(f) and n*(M) that ofip*(g) appearing in M, 
so that n(M) + n*(M) denotes the number of factors in M. 

With this notation one obtains: 

1.3.2 Lemma: 

( 1 ) !F(0) is a graded algebra 

+oo 

^(0) = £-W)- 


(2) A monomial M G T{0) belongs to Fi{0) if and only if 

n(M) — n*(M) = i. 

These monomials are total in !Fi(0). 

(3) Let O i and O 2 be spacelike separated and assume A € Fi(Oi),B € 
FkiOz) then one has the commutation relation 

AB = (~l) ik BA. 


Proof: Statement (1) is a consequence of the discussion of the third case 
of this section. 

(2) From the definition of if and ip* one obtains a^ip(f) = e' v ip(f) and 
a v ip*(g) = e~ up ip*(g). Since a v is an automorphism one gets for a monomial 
the equation 

a v M = exp{i(n(M) - n*(M))<p}M, 

and hence M G B l (0) if i — n(M) - n*(M). Since one can read this equation 
in both directions, the first part of (2) follows. Since the polynomials are 
norm-dense in the field algebra it follows, by projecting onto that the 
monomials are total in Ti. 

(3) The definition of ip and ip* implies that 

{VK/)>V>(S)} = {V>*(/),V>*(5)} = 0, and 
{^(f),^P*(9)} = (Kf,g)= f y)) Vtll gpdxdy. 

fl, V 

~PuTLt2. Tfeni/teJWiittgjii TV t y.i .tc.1 



20 


Hence ip(f) and ip*(g) anti-commute when supp/ C O x, supp g C 0 2 and 
these sets are spacelike separated. If Mj £ F(0\) and M 2 £ F(0 2 ) then one 
obtains: 

— (Mi))(n(M 2 )-n* (M 2 )) M 2 M\. 

Prom this one obtains (3) by the density proved in (2). o 

For constructing examples of local nets the following notation is helpful: 

1.3.3 Notation: 

(a) By T n {0) we denote the subalgebra of the form 

+00 

^{0) = £ JF in {0) 

i=—00 

and 

F°(0) = F 0 (O). 

(b) T n and IF 0 denote the corresponding objects in the C* -inductive limit. 

(c) Denote by T the group of all a^> and by 7L n the subgroup generated by 
the automorphism a 2 *, n ^ 0. 

(d) For a € M 4 define 

a a il)(f) = *lj(f a ) 

and 

«*P(f) = r(fa). 

Since the scalar product of % is invariant under the map f —y f a it follows 
that a a extends to an automorphism of the Fermi-Dirac algebra. 

With this notation one obtains the following results: 

1.3.4: Lemma 

(1) An element A € T belongs to the subalgebra T n if and only if A is 
invariant under a g , g £ 7L n i.e., 

a g A = A, g £ Z n , n^O 

and A £ F° if and only if a v A = A, Vip £ T. 

(2) The system {F 2n (0),F 2n , a, IR 4 } fulfils the axioms I, II, and III for 
n = 0 , 1 , 2 ,... 

Remark. 

It is also possible to define automorphisms for every Poincare tranformation. 
Therefore the above systems also fulfil the Axiom III P. But the details will 
not be discussed here. 
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Proof: (1) If A € Tj then one has a 9 A = e 1JV A. This implies if A G R n 
and ip G Z n the relation a tp A = A. Conversely if A G fF and coo*. A = A, 

n 

then with A = Aj one ^ as 


at^A = ]Texp{ij^}A j 


n 


n — 1 „ +OQ 

£>x P {i^} Y, A,n +ri 

771=0 l = — 00 


Hence Ya^-oo Ain+m = 0 for m = 1, ...n — 1 which implies A = Y P A pn G 
JF". This argument remains true for n = 0 if one takes all a 9 . 

(2) 2 n is even. Hence one obtains from Lemma 1.3.2(3) that JF 2 n (Oi) and 
J r2n (C> 2 ) commute with each other if O i and O 2 are spacelike separated. 
Since, moreover, / -» f a has the right transformation properties it follows 
that the system {F 2n (0),F 2n ,a a , R 4 } fulfils the axioms I, II, and III. o 
In order to show that there are also examples for the theory of local 
observables it remains to construct a faithful representation fulfilling the 
spectrum condition. 

1.3.5 Proposition: 

The theories {!F 2n (0), J r2n ,a, R 4 }, n = 0,1... admit faithful representa¬ 
tions fulfilling the spectrum condition, and hence they define examples of the 
theory of local observables. 

Proof: Since T' ln is a subalgebra of JF it is sufficient to construct a faithful 
representation of T fulfilling the spectrum condition. We will use a momen¬ 
tum space respresentation. Let us remark first that K is local in configuration 
space, which means Kf(x ) = f(x). This implies that Kf{p) = }{-p) for 
momentum space. 

Denote by the Hilbert space defined by the scalar product. 

(f,9) = / ^fAp)(R*R)vM9»(v)@(Po)S(p 2 ~rn 2 )dp. 

Introduce a second Hilbert space by the scalar product 

(f,9)t= f /*(p)(J**J*)t,|,0|.(p)0(P o)S(p 2 -m 2 )dp 

J i/,n 

= /£ / y (p)(iTi?)^0 M (p)<9(po)£(p 2 - m 2 ) dp 
J I/, n 

where ( R*RY denotes the transpose of the matrix (R*R). On H m and on 
H l m there exist natural unitary representations of the translations u(a) and 
v(a) defined by: 

u{a)f(p) = e' pa f(p), v(a)f(p) = e ipa f(p). 


~PufLC. Tfani/textattcn/ 
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Both these representations are unitary and fulfil the spectrum condition. By 
A n 'H m and A n 'H t m we denote the anti-symmetric part of the n-th tensorial 
power of 'H m and of 'H t m respectively. One finally defines a Hilbert space 
as follows: 

OO 

n=J 2 A k n m ®A l ?C 

k,l=0 

Since anti-symmetrization commutes with the translations the definition 

U(a)A k H m ® A'-Hl = ® k u(a) ® l v{a)A k n m ® A l n l m 

gives a unitary representation acting on U which fulfils the spectrum condi¬ 
tion. 

If a function $(pi,...,p k -,qi,...,qt) belongs to A k 'H rn ® A l 'H t m then it is 
anti-symmetric in the first variables pi,...,p k and also anti-symmetric in the 
variables qi ,..., <?/. 

Now one defines operators ip and ip* as follows: 


ip(f)$(Pi,-,Pk;qi,-qi) 

1 tti 

= ^^j22(-iy +1 f{pj)$(pi,-,pj,-,pk+i;qi,-,qi) 

+ (-1 ) k Vl (f{-qi), ${pi,...p k ;qi,..., qi)) t 


and 


^*(9)^(pi,-,pk-,qi,-,qi) 

= Vfe {g(-Pi),${pi, -pk;qi, 

1 

+ {-i) k -j== g{qj)${pi, -p k ; q \, •••, %,...«)» 

where the symbol pj means that the variable pj has been dropped and the 
“scalar product” the integration over the corresponding variable. 

It is easy to check that these operators fulfil the relations 

iP(f)* = ip*(Kf), U (a)ip{f)U* (a) = iP(f a ), 

so that it remains to show that these operators also satisfy the right anti¬ 
commutation relations. Using the above definitions one obtains: 
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(f)W)#(pi, -p*; ft, ■••>ft) 

= 444 (f( — F i)> ^)^{~iy +1 f(Pj)$(Pu —tPjt —iPk+u ft, • •■, ft)) 
v« + 1 “T 

1 

Vfc + T'v/i +1 

^(-l) i+j+2 /0p f )5(g J )<P(pi,...,Pf,...,Pfe+i;9i,---,9j,--,9J+i) 

ij 

+ (-l) k \fk\Tl (g{-pi), (/(-ft), $(pi, -Ffe; ft, -, ft)) t ) 
^(-l) j+1 5(ft)(/(-ft>), $(pi, ft, ft, ■••, ft, •••, «)) t 

3 


and for the reversed order: 


^(/)^*(f)^(pi, -Ffe; ft, -,ft) 

+ X^(-l) j+1 /(Fi)(F(Fo), *(Po,Pi, -Fj, -,Ffc; ft, -, ft)) 

+ (— i) fc+1 v / fcv7 ^/(-ft), (f(-fi), $(pi, -Ffe; ft, -, ft))) 

, (~l) fc 

yjk + \sjl + 1 

X^( _ l) i+i+2 /(F«)F(ft)^(F 1 , -,F<, -,Pfc+i; ft, ft, ft+i) 


+ {-l) k+k 


VkTT 

v7 +1 


(/(-ft), + 1 F(ft)^(Fi, -Ffc; ft, -, 

3 


ft,--,ft+l)) t . 


Taking the sum we obtain: 

W(/) + i>UW{9))®(Pu -Ffe; ft, •••, ft) 

= (f(-Fi),/(Fi)) + (/(-ft),F(ft)) t ^(Fi,-Ffe;ft,-,ft) 

= Ji.9nu{~p){R R)v,nffi(p) + fnu{~P)(R R)fi,v9n{P)} 
&(p 0 )S(P 2 - m 2 ) dp$(pi, ...p k ‘,qi, ft) 

= J 9u{~p)(R*R)^Uip)S{p 2 -m 2 )dp^{p u ...p k ;qi,...,qi). 

For the last step we have used the transformation p —>■ —p. 
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The relation {ip(f),tp(g)} = 0 can be proved in the same manner. But 
this proves the proposition since the representation ip and ip* is obviously 
faithful. □ 


1.4 Notes and remarks 

Quantum field theory dates back to the late twenties and early thirties when 
Dirac [Dir27] tried to quantize the electromagnetic field and when Jordan 
and Wigner [JW] gave a description of the free quantized Fermi gas. How¬ 
ever, it was soon realized that these concepts could not easily be generalized 
to interacting theories. After a period of twenty years the first axiomatic ap¬ 
proach to field theory was constructed by A.S. Wightman [Wi56]. Again ten 
years later the algebraic structure of the Wightman approach was revealed 
by the author [Bch62] and independently by Uhlmann [Uhl]. This theory 
uses unbounded operators as basic objects. In classical quantum mechanics 
many of the observables are given by self-adjoint operators and it is often 
more useful to investigate the bounded functions of the observables than 
the unbounded ones. In this spirit Haag started at about the same time to 
develop a quantum field theory in terms of bounded operators. His ideas are 
presented in [Haa]. A first consistent presentation of this subject was given 
by H. Araki [Ar61] in a series of lectures held at the E.T.H. in Zurich during 
the academic year 1961/62. A discussion of the axioms has been given by 
Haag and Schroer [HS]. A modern introduction to this subject can be foung 
in the book of R. Haag [[Haa]]. 

A large group of people working in this direction hoped that quantum 
field theory could be formulated entirely in terms of C'-algebras. It is clear 
that a C* -algebra fulfilling all axioms except that of the spectrum condition 
must have an enormous number of inequivalent representations. D. Kastler 
had the idea that Fell’s equivalence [Fe] of representations leads to reductions 
of this large number of inequivalent classes. A detailed discussion of this 
phenomenon and its physical meaning has been given by Haag and Kastler 
[HK], 

The axioms formulated here are not completely algebraic. The spectrum 
condition has to refer to representations. But one cannot get a satisfactory 
theory without the spectrum condition. Indeed Doplicher, Regge and Singer 
[DRS] have constructed a theory fulfilling the locality condition, which how¬ 
ever does not have any representation fulfilling the spectrum condition. If 
one is willing to assume that the translations are strongly continuous and 
that all vacuum states together separate the algebra one can give an alge¬ 
braic version of the spectrum condition. Results in this direction have been 
formulated by S. Doplicher [Dop] and also by K. Kraus [Kr]. Necessary and 
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sufficient conditions for the existence of a faithful representation fulfilling 
the spectrum condition have been given by the author [Bch70a] 

It is believed that the framework of Wightman and the framework of 
Araki, Haag and Kastler are mathematically equivalent. The first attempt 
in this direction was made by W. Zimmermann and the author [BZ] show¬ 
ing that this passage is possible when additional requirements are made on 
the vacuum state. Recently J. Yngvason and J. Alcantara [AY] took up this 
question again. They gave necessary and sufficient conditions on a Wight¬ 
man state which allow the construction of an Araki-Haag-Kastler theory. 
The converse problem, constructing Wightman field from a theory of local 
observables has been investigated by Fredenhagen and Hertel [FH]. For a 
review of the situation concerning the equivalence of the Wightman and 
Araki-Haag-Kastler framework see the report by J. Yngvason [Y] and the 
paper by the author and J. Yngvason [BY]. 

The integral representation of continuous unitary representation of abel¬ 
ian groups which has been used for the discussion of the spectrum condition 
is due to M. Stone [Sto], 

By defining observables as the set of self-adjoint elements of a C* algebra, 
which is a Jordan algebra, the concept of symmetry leads to Jordan automor¬ 
phisms. They can be either automorphisms or an antiautomorphisms, or of 
a mixed type. Antiautomorphisms are sometimes useful for discrete symme¬ 
tries as for instance time reversal invariance. But for continuous groups the 
use of Jordan automorphisms, which are not automorphisms, seems rather 
artificial. For a discussion see H. Roos [Roo] and references therein. 

The canonical commutation relations for a finite number of degrees of free¬ 
dom were first been used by Heisenberg [Hei]. The explicit form 

[P»> Qj\ = [$ii Qj] — 0 = [qi, qj] 

appeared for the first time in a paper by M. Born and Jordan [BJ], The in¬ 
tegrated form which we have used here is due to H. Weyl [We]. Quantization 
of an infinite number of degrees of freedom was used the first time by Dirac 
[Dir27] for the electric field. The algebra used here has been introduced by J. 
Slawny [SI] and later but independently by Manuceau, Sirugue, Testard, and 
Verbeure [MSTV], There axe different ways of associating C*-algebras with 
the C.C.R. Most of them have been described in the book by A. Guichardet 
[[Gui]]. All these algebras have the disadvantage that, in the case of infinitely 
many degrees of freedom, they also give rise to non-continuous representa¬ 
tions of the C.C.R. At present it is not known whether or not there exists, 
also for this case, a C*-algebra the representations of which are in one to one 
correspondence with the continuous representations of the C.C.R. (continu¬ 
ity refers to the continuity of U(tx) in t € IR). In case that the symplectic 
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space is finite and hence 2 n dimensional D. Kastler [Kas] has constructed a 
C*-algebra whose representations are in one to one correspondence with the 
continuous representation of the Weyl relations. He starts from L l {E) and 
defines a new product by 

(fg)(x) = Je~ l(r{x ' y) g(x - y)f(y)dy 
/*(*) = /(*)■ 

The enveloping C*-algebra of this algebra then is the algebra in question. 

Since this works up to now only for the finite dimensional case it is not a 
great achievement, as all continuous representation of the finite dimensional 
Weyl relations are quasi-equivalent. This result has been shown by J. v. 
Neumann [Neu]. If E is infinite dimensional there exist representations which 
are not quasi-equivalent. Such examples were first given by K.O. Friedrichs 

[Pfi]]- 

If one studies a continuous representation U(tx) of the Weyl system (E, a) 
then U(tx) is continuous in t and unitary. Hence there exist generators 
A(x) with U(tx) = exp{itA(x)}. These operators are mostly investigated 
in the physical literature. However, this has to be done with extreme care 
since these operators cannot be bounded operators. For a discussion of this 
approach see for example the book of G.G. Emch [[Em]]. Under suitable 
assumptions the two methods namely using the A(x) and using the Weyl 
operators are equivalent. The most general result in this direction appears 
to my knowledge in a paper by Hegerfeldt [Heg]. 

The first free field which was constructed was the non-interacting elec¬ 
tromagnetic field introduced by Dirac [Dir27]. However, the massive free 
scalar field used here is simpler. The Hall-Wightman theorem used for the 
describing properties of (x) can be found in [HW], The construction of a 
positive energy representation used here is due to V. Fock [Fo]. However, the 
elegant method of using the “exponential” vector is introduced by H. Araki 
and J. Woods [AWo]. Generalized free fields not obeying the Klein Gordon 
equation were introduced by O.W. Greenberg [Gr]. 

The appearence of C.A.R. in physics is implied by the Pauli exclusion 
principle which holds for particles with half integer spin. The first quantum 
mechanical description of a spin 1/2 particle was given by W. Pauli [Pau]. 
However, his equations are not invariant under relativistic transformations. 
Such a covariant equation was found by P.A.M. Dirac [Dir28]. The first 
description of a system of infinitely many degrees of freedom was the “Fermi- 
Gas” given by Jordan and Wigner [JW]. 

The Clifford algebra has been investigated extensively by Shale and Stein- 
spring [SS]. The formulation of case III is similar to that of Araki and Wyss 
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[AWy], The main point of this description is to show explicitly the existence 
of “gauge” transformations and the graded structure of the algebra which 
goes with it. The literature about the C.A.R. algebra is immense and again 
the reader should refer to the two books [[Gui]] and [[Em]] for more infor¬ 
mation. The C.A.R. algebra has played an important role in the development 
of the theory of von Neumann algebras. Using these algebras R.T. Powers 
[Pow] was able to show for the first time existence of a continuous family of 
inequivalent type III factors. 

For more details on the 7 matrices we refer to the textbook of Jauch and 
Rohrlich [[JR]]. In textbooks treating the quantized Dirac field the quantity 
is usually replaced by (/) := Using these operators the 

anti-commutation relations become 

WUhg)} = J y)g fl (y)dxdy 

The gauge transformations 'tp(f) -> e' v ip(f) are closely related to the 
existence of a charge in this theory, and they axe connected with the doubling 
of the Hilbert space which appears in case III. It should be mentioned that 
one also can construct “neutral” spin 1/2 fields. This procedure is due to 
Majorana [Maj]. 


Pitfic Tfeai/tcjHnilcal 



Chapter II 


Translations and the Spectrum Condition 

In this chapter we will investigate C'*-dynamical systems {A, lR d , a}, i.e., 
systems for which the symmetry group is the d-dimensional translation 
group. Let lR ,d be the dual space of and C' C IR. ,d be a proper, closed 
convex cone with interior points. We want to characterize representations 
{H, 7r, U, C'} of the above C*-dynamical system having the properties: 

(a) 7r is a non-degenerate representation of A acting on H, 

(J3) U(a),a e lR d is a continuous unitary representation of the translation 
group IR d implementing the automorphisms Q! a , i.e., 

U(a)n(x)U*(a) = ir(a a x), x 6 A, a 6 

( 7 ) The spectrum of U(a ) is contained in C'. 

No special properties of the C'-Algebra A will be required in this chapter. 
In the first section we collect some results about the relations between sup¬ 
port properties and analytic properties of Fourier transformations. We shall 
work within the framework of the theory of tempered distributions. In sec¬ 
tion two we will investigate the relations between functionals y on A and 
their absolute values. In particular we want to show that the map <p -» \<p\ 
is continuous in the norm-topology. In section three we introduce the spaces 
of momentum transfer. They are also called spectral subspaces in the math¬ 
ematical literature. Having investigated the properties of the spaces of mo¬ 
mentum transfer we shall deal in section four with C*-dynamical systems 
where the group in question is one-dimensional. In section five, necessary 
and sufficient conditions for representations with spectrum condition for the 
one-dimensional case will be derived. Section six handles the same situation 
as before, but with the additional assumption that the one-parameter group 
for which the spectrum condition is required is imbedded in a larger group. 
Finally, in section seven the general case will be treated; this is the case 
where the group is JR. d and the spectrum is contained in a convex cone C. 
For any set G we denote its closure by G and its interior points by G. 
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11.1 Relations between support properties of functions and 
analytic properties of their Fourier transforms 

The framework for this investigation will be the theory of tempered distribu¬ 
tions. <S'(IR d ) denotes the space of tempered distributions on H d and <S (3R d ) 
denotes correspondingly the space of strongly decreasing test functions. We 
start with the following notation: 

11.1.1 Definition: 

Let t G <S'(IT*), and denote by B(t) the following set: 

Bit) = {ae JR' d ;e _ (°**> t G S'Q R d )}. 

First we show: 

11.1.2 Lemma: 

Let t G <S'(IT*); then the set B{t ) is a convex subset of fit"* containing zero. 

Proof: Assume ti = e~( ai,x h G ^'(lET*) and t 2 = e _ (° 2,x )f G <S'(IT*). We 
now write t 2 — e^ ai ~ a2,x hi. Since ty G <S'(BT*) one can decompose it into a 
sum 

ty=t + +t~, t + ,t~ eS\lR d ) 

with 

supp t + C {x; (fli - fl 2 , x) > 0}, 
suppt - C {x; (ai — fl 2 ,x) < 0}. 

From t 2 = e^ 01-02 ’*)^ € S'(IT*) one sees that f± e ( a i- 0 2 - x ) G S'(IF*). Since 
for A > 0 the expression e _A ( ai_a2,x ) and all its derivatives are bounded on 
( 01 - 02 , x) > 0, it follows that e- A ( ai - 02 * x )f + e( 0l - 02 - a: ) = e ( 1 - A )(°i- aa >*)t+ 6 
S'(IT*). By the same argument one finds e^ 1 ~ x ^ ai ~ a ‘ 2,x h~ G S'(IT*) and 

hence e ( 1 - A )( 0 l-° 2 > x )t 1 = e -(Aa 1 + (l-A)a 2 ,x) f £ D 

As a consequence of this Lemma one obtains the following result for the 
Fourier transform of the tempered distribution t: 

11.1.3 Theorem: 

Let t G S'(IT*) such that B(t) is not empty. Denote by T{B{t )) the tube 
T(B(t)) = {z€€ d -,Imze B(t)}. 

Then, for q G B(t), F(e~ t ' c >' x h)(p) is a function F(p + i q) of the complex 

O 

variable z = p + iq which is holomorphic in the tube T(B(t)), and F(t) is 
the boundary value of F(p + iq) in the sense of tempered distributions, 

(- Ft )(p) = I™ F(P + i?)- 

ieB(t) 

q-¥ 0 
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O 

Proof : Let qo € B (t). Then there exists a ball of radius r around q Q 
which also belongs to B(t). But this shows that e~~ l - qo ’ x, t is a distribution 
decreasing like e~ r H x H in every direction. Hence e~( qo,x h can be applied to 
the functions e'( p+19 ’ x ) provided ||^|| < Now in this domain these test- 
functions depend differentiably on p and q and one obtains 

.d (te~ ,( - qo,x \e‘( p+,q ’ x A = (te~ i{qa ' x \ ~^£ =e ' ( - p+iq ' x) ) =0. 

dp + iq V 1 V dp+ iq > 

But this shows that 

(t,e' {p+iq ’ x) ) = (te-( q ' x) ,e iM ) = F{te- (q ' x) ) 

o 

is an analytic function in T(B(t)). 

Since (t, e'( p+19,x )) is an analytic function in T(B(tj) it follows that the 

O 

second statement is trivial if zero belongs to B(t). If zero belongs to the 
boundary of B(t ) then we decompose t again into two pieces 

t = t + + t~ 

with supp t + C { x ; (q, x) > 0}, and supp t~ C {x; (q, x) < 0}, where q 

O 

is a point belonging to B(t). Since q and 0 both belong to B(t) one has 
t + € S'(R d ) and re'^ G S'(JR d ). 

Now let / be a test function in 5(IR d ). Then e _A ^ ,x ^/ converges to / 
on {x; (q, x) > 0} and e* 1_A ^ 9,x )/ converges to e^'^f on {x; (q, x) < 0} for 
A -> 0. Hence for given e > 0 one can find A + and A" both larger than zero 
with 

|(*+ (e - A (*.*) _!),/)( <1, for 0 < A < A + , 

and 

|(re- (9 - x) (e (1_A)(9 ’ x) -e (9 ' x) ),/)| < for 0 < A < A". 

But this implies: 

|(t(e _A ^ ,x ^ — 1), /)| < e for 0 < A < min(A + , A - ), 

and hence te~ x(q,x> converges weakly to t and consequently also strongly 
since t G <S'(]R d ). Since the Fourier transformation is a continuous operation 
on <S'(IR fi ) one sees also that, as A tends to zero, !F{te~ xl ' q ’ x ' 1 ) converges to 
T(t). □ 

It might happen that B(t ) is contained in a linear subspace of M d , say in 
H e with e < d, and that B(t) has interior points as a set of lR e . In order to 
describe this situation one uses the concept of distributions with values in 
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some other locally convex topological vector space V. We say t € iS'(IR e ; V) 
if for every / 6 <S(lR e ) the expression (t, f) is defined and belongs to V and 
moreover if the map t : S —> V is continuous. For our situation we write 
IR d = IR e ® K/ with e + f = d and 

S'(SR d ) = S'(!R e ; S'(Ho¬ 
using this isomorphism one sees that one can define the partial Fourier 
transformation with respect to the space IR e , which we will denote by (.). 
Using these concepts the last theorem can easily be generalized. 

II. 1.4 Corollary: 

Suppose t € <S , (IR, <i ) such that B(t) is contained in some linear subspace lR e 

, O 

o/lR“ and assume that B (t) is not empty as a subset o/]R e . Then the partial 
Fourier transformation 

F n .(<e-<«->)(p), peJR e 

O 

is, for q € B (t), a function F(p + iq) of the complex variable z = p + iq with 
values in <S'(1R/). K/ is a complementary subspace ofJRf i.e. IR e ©El/ = JR d . 
Moreover, the function F(z ) is holomorphic in the tube T[B(t,)) C C e , 
and (t) is the boundary value of F(jp + i q) in the sense of the space 
S' (lR e ;<S'(Kt/)): 

Fu' (t) = lim F(p + iq). 
q£ B (t) 

q-t 0 

The proof of the Corollary is a straightforward transcription of the proof of 
Theorem II.1.3 to the present situation and will, therefore, be omitted. 

We have seen that under suitable conditions the Fourier transform of a 
tempered distribution has an analytic continuation into the tube T(B{t)) 
and that T{t) itself is the boundary value of this analytic function. Next we 

O 

ask for conditions under which an analytic function holomorphic in T(B (t)), 
with 0 € dB(t ), has a boundary value in the sense of distributions. The 
answer is given in the following 

II.1.5 Theorem: 

Let B be a convex open set in IR d and let B be its closure. Assume the 
properties: 

(a) 0 € dB. 

((3) There exists a closed convex cone C with interior points such that 
Ci = (P € (7; ||y|| < 1} C 5U{0}. 

O 

Let F(x + i y) be a function holomorphic inT(B) such that for every fixed 

O 

y € B we have F(x + i y) € S'; then 
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lim Fix + iy) 

veci v 

V-+0 

exists in the sense of tempered distributions if and only if there exists c > 0, 
and n,m € IN such that F satisfies the estimate 

|F(x + iy)| < c(l +||x||) n ||y|| _m , for y € C x \ {0}. 

Proof. Let y 0 be a fixed point in Ci \{0}. One wants to study F(x+iAyo)- 
To this end write <C d = C 1 ©C d_1 so that one can set F(x + iAyo) = G(x', w) 
with x' € H d_1 , w € C 1 and Imu> = A||y 0 ||- The estimate for F gives for G 

|G(x',u>)| < c(l + yp 7 ]pT(Ri^) I ) ri |Imw|- m 
< c(l + lias'll + |Reu>|)"|Imu>|~ m . 

Now set G^(x',w) = G(x',w) and define inductively: 

rW 

G^ +1 \x',w) = / G^(x', w')dw'. 

J Wo 

Then one obtains for i < m — 1 the estimate 

|G (i) (x',w)| < cj(l + lias'll + |Reu;|) n+ ilmu;r m+i , 
and 

|G( m+1 >(x»| < c' m+ i(l + lias'll + |Re«;|)" +m+1 . 

Moreover, one has the relation 

G(x',w) = ^G w (x». 

Using this, one obtains with w = a + ib and /(x) = g(x', a): 

J {F(x + iXiyo) - F(x + iA 2 y 0 )}/(x)dx 

= J {G(x', a +i&i) — G(x', a + i& 2 )}y(x', a)dx'da 

/ d m 

{G m (x', a + ibi) - G m (x', a + i b 2 )}^g{x', a)dx'da 

= (~l) m J (jf ^G m+1 (x', a + ic)dc) -^-y(x', a)dx'da 

_ (_i)m+i j ^ G m+1 (x'> a + ic)dc) ^ m+1 g(x\ a)dx'da. 

Prom this one obtains with the above estimate 
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| J{F(x + iXiVo) ~ F(x + iA2j/o)}/(^)da;| 

/ Jm+l 

(l + M + Ia|)" +m+1 lj^9(*',“)|d*'<i“, 

which shows that F(x + iAr/o) is a Cauchy sequence in S'. Now this formula 
is easily generalized to d variables and gives: 

l/wx + 4/1) - F(x + iy 2 )f{x)dx\ 

< c"\\yi - 2 / 2 1| /(l + Mlr) n+m+1 max P7(*)|dz 

7 M<m+1 

where 11®^ = |x ; | is a norm on lR d . But this formula shows that the limit 

exists for y in C\. 

Conversely assume that F{x + i y) has a limit in S'. Denote this limit by 
F{t), i.e. t is the inverse Fourier transform of the limit. Then we obtain: 

F(x + iy) = F(te-^), y€~C,. 


Now one can write 

t = P(D p )Q(p)t 

where P and Q are suitable polynomials and t G C 1 , so that 


F{t) = P{-ix)Q(iD x )F{t) 


and 

F(x + i y) = P{-\z)Q[\D z )F{z) 

where F(z) is bounded in T(Ci). Estimating the derivatives of F by Cauchy’s 
integral formula we obtain the estimate given in the theorem. □ 

Knowing under what conditions boundary values of analytic functions 
exist in S' one can now look at the relations between support properties of 
tempered distributions and analytic properties of their Fourier transforms. 

II.1.6 Proposition: 

Let t G S'(JR d ) and let xq G IR ,d with ||xo|| — 1- Then the following state¬ 
ments are equivalent: 

(1) supp t C {p; (p, x 0 ) > a}, a G 1R. 

(2) Writing IR d = 1R 1 © 3R rf—1 where IR d—1 is the subspace (p,x o) = 0, the 
partial Fourier transform (t) has an analytic continuation into the 
upper half plane Imz > 0, and there exists for every seminorm N on 
S'(JR d ~ 1 ) a constant c with 

N{F n x(t)(x + ip)) < c(l + |®|)"(1 + |y|- 1 )” l e-“^l. 

~PufLtz. 
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Proof: Assume (1); then £e _A b>>*) G S' for A > 0. Hence by Corollary 
II. 1.4 the partial Fourier transform has an analytic continuation into the 
upper half plane. Moreover, on the set {p; (p, x 0 ) > a} one has the estimate 
e -A(p,x 0 ) < e -ay for A = y > 0 so that one obtains for / G <S(IR‘ i ~ 1 ) 

i(t,fe- {p ’ VXo) ) = e- ay J r M i(t,fe ay -(P’ VX0 '>). 

Since e ay ~^ p,yx °' ) is bounded on the support of t one obtains by Theorem 

II. 1.5 

|^(i,/e- (Pl!/Xo) )| < c(f)( 1 + |*|)“(1 + |y|- x ) m e-^. 

From £ G S'(TR d ) it follows that (£, /) is a bounded set of distributions when 
/ is taken from a bounded set Bd C ^(IR^” 1 ). Hence the constant c(f) is 
bounded for / G Bd, which is equivalent to the statement (2). 

Next, assume (2). Then for y > 0 a function J r IR i(£)( 2 ) belongs 

to £ 1 with values in S'(liR. d ~ l ). Since it is bounded by e~ ay for large y it 
follows that P m 1 (£)) = t has its support in {p;(p,x 0 ) > a}. 

But since t = (i + (x 0 , iD)) n+2 t one sees that the support of t is the same as 
that of t. □ 

This last result leads us to a characterization of the Fourier transform of 
a tempered distribution which has support in a cone. 

II.1.7 Theorem: 

Let C C JR d be a closed, convex, proper cone with interior points. Denote by 
C' its dual cone in ]R ,d i.e. C' = {x; {x,p) > 0, for p G C }. Let C' be 

O 

the interior of C' and for y G C' denote by d(y) the distance of y from the 
boundary of C'. Then the following statements are equivalent: 

(1) t G S' has support in a + C. 

(2) T{t) is the boundary value of an analytic function holomorphic in the 

O 

tube T( C ') and there exist natural numbers N and M and k > 0 with 
|e (ay) F{t){x + iy)\ < A:(l + IMP^l + {d{y))~ l ) M , y G C' ■ 


Proof Assume (1) which implies that B(t) contains the cone C'. Then by 

O 

Theorem II.1.3 T{t) is holomorphic in the tube T(C')- Since t is tempered 
there exists an n G IN such that £(1 + ||f>|| 2 )~" is a finite derivative of an 
T 1 -function. Hence ^(£(1 + ||p|| 2 )” n ) is a polynomially bounded continuous 
function, which means that 

| e (a,y)^r(£(l + ||p|| 2 ) _n )(x + iy)| < k( 1 + 1*11)", y G C'. 
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Since P(t)(x + it/) = P{\D)P(t{l + ||p|| 2 ) _n )(x + it/), we obtain the above 
estimate by using the Cauchy formula for the derivative. Conversely, if 
this estimate is fulfilled then we have by Proposition II. 1.6 that supp 

O O 

t C {p; (p, b) > (a, b)} with b G C' ■ Since this holds for every b 6 C' 
we obtain by taking the intersection of these half spaces: 

supp t C a + C. D 


II.2 Symmetry groups and continuity 


Let A be a C*--algebra and G(r) be a topological group. Assume G acts as 
group of automorphisms on A , which means that one has a map a : G -4 
AutA No continuity is required for the map a with respect to r. Such a 
system is called a C*-dynamical system and denoted by the triple {A, G, a}. 

II.2.1 Definition: 

By A* we denote the set of p € A* (A* denotes the topological dual of A), 
such that for every e > 0 exists a neighbourhood U of the identity of G such 
that 

||<po a g - <p|| < e for g G U. 

It is the aim of this section to prove the following 


II.2.2 Theorem: 

Let {A, G, a) be a C*-dynamical system and assume G(t) is a topological 

group. Then the space A* has the following properties: 

(i) A* is a linear space. 

(ii) A* is closed in the norm-topology. 

(iii) A* c is invariant under the action of the group, i.e. ip G A* implies poa g 6 
A* for every g € G. 

(iv) With <p e A* c one finds also that p* and |<p| belong to A*. 

(v) A* is generated by its positive elements. 

(vi) Let (3 be an automorphism of A commuting with every a g , g G G then 
0A* c = A* c . 

vii) Let Aq be the sub-von-Neumann algebra of A** of elements which are 
a g -invariant for all g G G, then p e A* and y G Aq implies yp and 
py G A*. 

(We have used the notations (py)(x) — p(xy) and ( yp)(x ) = p(yx)). 


Proof: (trivial part) (i) Given e > 0 and pi,P 2 £ A*, there exist two 
neighbourhoods U\ (e) and U^ie). Define 


^ = )nZ/ 2 (—). 


2|A 


2[A 2 [- 
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Then one obtains 


||(AlV?l + A 2 V?2) 0 a g ~ + A2<£>2)|| < 

IAi| ||v>i o <*1 - <Pi|| + |Ai| ||v ? 2 0 a 2 || < 
+ I'Mxm =e 


provided g belongs to U. 

(ii) Assume p n e A* and {</?„} converge to p in norm. For e > 0 there exists 
no such that ||y> — V^nll < § for n > no. Moreover, there exists for a fixed 
ni > no a neighbourhood U such that ||<p ni 0 a - ip ni || < | for g € U. Let 
now g G U\ then one obtains 

\\V 0 a g ~ V\\ < ll¥> 0 atg ~ Vm 0 otpH + ||v> ni oa g - p ni || 

+ H^m - p\\ < g + g + g = e- 

This shows that p € A* and hence A* is closed. 

(iii) Let h be a fixed element in G. Then 

\\poa h oa g -po afc|| = \\p 0 a hgh -i - p\\. 

As hUh~ 1 is an open neighbourhood of the identity one sees that ip o 
belongs to A* whenever p belongs to A*. 

(iv) Since || ip* 0 a g - <p*\\ = \\p o a g — p\\ the first part of (iv) follows. The 
second part will be proved separately. 

(v) Assume (iv) is correct. Then because oi p — \(p + p*) + ± (p — p*) it 
is sufficient to prove that real p's are generated by positive ones. If p is real 
then we have p = ^(\p\ + p) - \{\p\ - p)- Since by (iv) \p\ belongs to A* 
and \p\+p and \p\ - p are both positive (v) is an implication of (i) and (iv). 

(vi) Compute \{p o 0){x ) - p 0 P(a g x)\ = | p((3x) -po a g (fix)\ < 

\\p-po a fl || \\(3x\\ = \\p-po a s || ||x||. Hence p €* implies (3p e A*. 

(vii) For y G Aq and p G A* one obtains \py(x) - py{a g x)\ = \ p(xy) - 
p(a g xy) | < \\p - p o a 3 || ||x|| ||y||. Hence one obtains || py - py 0 «ffll < 
||y|| \\p- po a s || and consequently py € A* for p G A* and y G Aq. The 
second part follows from the relation (py)* = y*p* and the invariance of A* 
and Aq under involution. 

The second statement of (iv) can easily be reduced to the following 

II.2.3 Theorem: 

Let A be a C* -algebra and p and ip € A*. Then one obtains the estimate 

II M - M II < \\v - n + (vlMI + V¥\\)V\\v-n- 

~PufLt2. Tfani/textaiicn/ 
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Proof: Let 9 ? = U\<p\, i.e. <p(x) = \<p\(Ux), | 9 ?|(x) = < p(U*x ). Then one has 
IMI = II M II = M(l) = <P(U*) and similar formulas for ip = V\ip\. With 
these notations one obtains 

II M - M II = sup (M(x) - \ip\(x)) 

||*||=i 

< sup ((M (x)-' P (V*x)) + (v(V*x)~iP(V*x))) 

||*||=i 

< sup (\ ip \( x -UV*x)) + y-iP\\ 

11 * 11=1 

< sup [M(***)] 1 /a [M({i-^}{i-w *})] 1/2 + ||v-^ll 
11 * 11=1 

< IMI 1 / 2 [M({i - uv*}{ 1 - VU *})] 1/2 + y - v»ll- 

Using 

M((l - UV)( 1 - VU*)) = M(l) + \<p\{UV*W*) - 2 Re \ip\(UV*) 

< 2 (|M|-ReM(tfn)= 2 (M-^*)) 
<2| y\\-ip(V*)\ + 2\iP(V*)-v(V*)\ 

<21 11 ^ 11 - 11^111 + 211^-^11 
< 4||p-^|| 

we obtain 

II M - M II < \W - ^|| + 2VlMMl¥> - W- 

Interchanging the role of 9 ? and ip we find 

II M - M II < II- V’ll + 2 v / p]iv / lk-^ll- 

Talcing the average we get the final result: 

IIM - iv»l II < \\<p - V’ll + (VM + VM)V¥ - W- D 

With this theorem we also have proved statement (iv) of theorem II.2.2. 
II.3 Spaces of momentum transfer 

In this section the group in question will be the translation group TR d . Let 
{A, H d , a} be a C*-dynamical system and let A* be the subspace of linear 
functionals such that H d 3 a -t 9 ? o a a is strongly continuous. This space 
is defined in II.2.1 and its properties are described in Theorem II. 2 . 2 . If 
x € A** and 9 ? € A* c then <p(a a x) is a continuous bounded function on ET*. 
Hence for any / € £ 1 (R. d ) the expression / 9 ?(o 0 x)/(a)da is well-defined 
and represents a continuous linear functional on A*. 
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11.3.1 Definition: 

(a) For / € C l (B. d ) define 

[x(f)] — {y € A**; for every <p € A* one has 
V(y) = j p>(a a x)f(a)da}. 

This definition makes sense since A* is a linear space. 

(l3) By N c we denote the subspace of elements in A** which annihilate A*. 

Since A* is a norm-closed subspace of A* it follows that N c is ultraweakly 
closed. 

Next we want to define the spaces of momentum transfer. To this end 
remark that the dual group of IR d is again lR d which will be denoted by ]R /ci . 

11.3.2 Definition: 

Let D be a closed set in JR /d . We denote by M(D) the following set of oper¬ 
ators: 

M(D) = {x€A**-,[x{f)]cN c for every feC'QR?) 

with supp F~ l {f) C (H' d ) \D}. 

Equivalently for every ip € A* one has supp T~ 1 ip(a a x) C D (where the 
Fourier transform is taken in the sense of tempered distributions). If D is 
the empty set then we will identify M(0) with N c . 

With these notations one obtains the following result: 

11.3.3 Proposition: 

The spaces M(D) of momentum transfer have the following properties: 

(i) M(D) is a linear space which is a-weakly closed. 

(ii) M(—D) — M(D)*. 

(iii) D\ C D 2 implies M(D\) C M(D 2 ). 

(iv) M{r\p Dfi) = (~|0 M(Dp). 

(v) Assume D\ n D 2 = 0 and one of the D{ is compact. Then 

M{D\ U D 2 ) = M{D\) + M(D 2 ). 

(vi) a a M(D) = M(D) for every a € IT*. 

(vii) Let Aq be the set of elements in A** which are pointwise invariant 
under the action of the group lR d . Then: 

Ah* C M({ 0}). 

viii) M(I R ,d ) = A**. 

(ix) Let (3 be an automorphism commuting with the translations a g . Then 
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pM(D) = M(D). 


(x) ForyeAg, 

M(D)y C M(D) and yM(D) C M(D). 


Proof: (i) x G M(D) means for every / € C l (lR d ) with supp T 1 fC\D = 0 
and every <p G A* one has <p/(x) = 0 with 

<PJ : = / (poa a f(a) da. 

Therefore 

M(D) = fi{kernel<£>/; ip G A* and supp.F _1 / n D = 0}, 

which is a weakly closed set, and which is a linear space since it is the 
intersection of linear spaces. 

(ii) The relation x G M(D) is equivalent to the condition that for every 
<p € A* one has supp T~ l Lp(a a x) C D. Since with ip e A* and <p* € A* one 
obtains, by complex conjugation, supp J r ~ 1 ip*(a a x*) = supp J r ~ 1 p(a a x) 

C {-D}. 

(iii) This follows immediately by the characterization of M(D ) used in (ii). 

(iv) From (iii) follows M(r\p Dp) C C\p M(Dp). On the other hand if x 6 
n p M(Dp) then it follows that for every ip € A* one has supp J r ~ 1 p(a a x) c 
Dp for every f3 and consequently in Dp. But this shows x G M(Dp Dp) 
by the second definition of M(D). 

(v) Assume D\ is compact. Since D 2 is closed and the two have empty 
intersection there exists a function f(p) G C°°(lR ,d ) with compact support 
and f(jp) = 1 for p G T*i, f(p) = 0 for p G D 2 - Denote the Fourier transform 
of / by /. Now let x G M(Di 1>D 2 ). Take x\ G [x(/)J and define x 2 = x — x\. 
Then we have x = xi +x 2 - Next let g G C 1 (3R d ) with support !F~ l gC\D\ = 0. 
Then for <p G A* it follows that: 

J <p(a a xi)g(a) da = J <p(a a +bXi)f(b)g(a) dbda 

= J tp(a c x)f(c— a)g(a) dcda = 0. 

Since / vanishes in D 2 and T~ l g in D x it follows that f~ 1 (f * g) vanishes 
in D x U D 2 . 

This implies x G M(D\). Since (1 - f(p)) vanishes in D x it follows by 
the same argument that x G M(D 2 ). 
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(vi) This follows from the fact that the Fourier transformations of /(a) and 
fb(a) = f(a — b ) have the same support. 

(vii) If a a x = x is independent of a then the inverse Fourier transformation 
is proportional to a 5-function at the origin and hence x € M({0}). 

(viii) This follows directly from the definition of M(D). 

(ix) From Theorem II.2.2 (vi) we know that A* is invariant under (3. But 
this implies the statement by the definition of M(D). 

(x) This follows from the same arguments as the statement before, since A* 

is invariant under multiplication by elements from Aq on the right as well 
as on the left (Theorem II.2.2.(vi)). □ 

For later use we shall need the following result: 

IL3.4 Lemma: 

Denote by D r C IR ,d the ball of radius r centered at zero. 

(i) x € A** belongs to M(D r ) if and only if for every ip 6 A* the function 

a -> <p(a a x) 

extends to an entire analytic function W(z) and this function obeys the 
estimate 

\W(z)\ < |M| ||x||exp{r||Im*||}. 

(ii) For the above x there exist x; € M(D r ) such that 

[<*«*] = |-M- 

Here i denotes the multi-index i = (h...,id) with jij = an ^ a * == 

n(aj)S andi\ = II(*V) ! - 

If x is such that for every ip € A* one has the estimate \p{x)\ < ||<^||n(x), 
then one obtains 

M*i)l < \\<p\\n(x)r M 

where n(x) is the semi-norm sup{|v?(x)|; p € A *, ||<p|| = 1}. 

Proof: (i) By the definition of M(D r ) it follows that F~ 1 (p(a a x) has its 
support in D r for ip € A*. Since ip(a a x) is bounded for real x by ||</?|| ||x|| one 
obtains the estimate by a Phragmen-Lindelof type argument since W (z) is 
of exponential type r. 

(ii) Since ^(a fl i) is entire it may be written in the form 

ip{a a x) = Y2 jCi. 

As <p(a a x ) is of exponential type r, 
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\Ci\ < sup \ip{a a x )|r^ < ||y?||n(a;)rl , l 
aelR 11 

with n(x) as defined above, which implies n(x) < ||x||. This estimate shows 
that Ci is a continuous linear functional on A* with norm n(x)r 1*1. Therefore, 
by the Hahn-Banach theorem we can find an extension Xi with the same 
norm such that <p(xi) = Ci for every <p e A*. Finally 

0l*l 

««*i) = J £-g £V( aaX )- 

But these functions are of the same exponential type, which means that 
T~~ x ip{a a Xi) and T~ l ip{a a x) have the same support. This implies X{ 6 
M(D r ) by definition II.3.2. □ 

II.4 Spectrum condition: The one-dimensional case 

In this section we will investigate the one-parameter group. This means the 
C*-dynamical system will be {A, IFt, a}. The double dual of A will again be 
denoted by A** and Aq will be the a a -invariant elements of .4**, and A* 
the space of functionals such that a -» ip o a a is continuous in the norm- 
topology on A*. For D a closed subset of IR', the space M(D) is the space 
of momentum transfer studied in the last section. Now we will introduce the 
following notation: 

11.4.1 Definition: 

(i) For A 6 IR. let E( A) be the maximal projection in .4** annihilating 
M{{— oo, — A]) from the right, i.e. E( A) is the projection onto the com¬ 
mon null space of all x € M((—oo, —A]). 

(ii) E + will denote the projection 

E + = lim E( A). 

We have to show that this projection exists. 

11.4.2 Proposition: 

With the notation of Definition II.4.1 we obtain: 

(i) E(X) is monotone increasing and hence E + is the strong limit of the 

E( A). 

(ii) E(X) is continuous from the left. 

(iii) E{ A) = 0 for A < 0. 

(iv) E(\) is invariant, more precisely E{\) G Z(A*q ) - the centre of Aq . 

(v) Let /3 be an automorphism of A which commutes with the translations 
a tt . Then 
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0E(\) = E(\). 


Proof, (i) Let /x < A G IR. Then (— 00 ,-A] C (- 00 ,-/x]. Hence 
M((— 00 , —A]) C M((— 00 , —/x]) by Proposition II.3.3. This implies that E(p) 
is a right annihilator of M((— 00 ,— A]) and consequently E(p) < E( A). 

(ii) Let A, < A i+ i converge to A. Then M((— 00 , —A]) = n,- M((- 00 , -A,]) 
follows again from II.3.3. However, this implies E( A) = lubf?(A,), and since 
A i is increasing, it follows that E( A) = lim^oo E(Xi). 

(iii) If A < 0 then it follows that (— 00 ,—A] B {0}. This implies by Proposi¬ 
tion II.3.3 (vii) that 1 € M((- 00 , -A]) and consequently E(X) = 0. 

(iv) Since M((- 00 , -A]) is invariant under a g it follows that E( A) is an in¬ 
variant projector. Let y G Aq. Then it follows from Prop. II.3.3.(x) that 
M((— 00 , — A]) is invariant under multiplication from the left by Aq. Hence 
for x G M((— 00 ,— A]) and y G Aq we find that yE( A) annihilates x and 
consequently E(X)yE(X) = yE( A). Taking now y selfadjoint then it follows 
that y commutes with E( A) and hence E( A) G Z(A*q). 

(v) Prom Proposition II.3.3 (ix) we know /3M((- 00 , -A]) = M((— 00 , -A]) 

which implies the relation (3E( A) = P(A). □ 

With .P(A) G Z(Aq) it follows that E + — limA-^oo also belongs to 
Z(Aq). It is our next aim to show that E + also belongs to the center of 
A**. To this end we need some further notation. 

11.4.3 Definition: 

With the assumptions of this section define 

(i) .4*(IR/ + ) = {<£> G A*\E+p = pE + = ip). 

(ii) ^S(IR ,+ ) = {p G A*\ there exist 0 < A < 00 with E(X)p = 

<PE( A) = p). 

Using this definition one obtains: 

11.4.4 Proposition: 

With the assumptions and notations of this section one has 

(i) .4*(IR' + ) is a norm-closed linear subspace of A* and p G «4*(IR ,+ ) im¬ 
plies ip* G Al*(IR' + ). 

(ii) «4o(IR' + ) is norm-dense in .4*(IR ,+ ). 

(iii) ^S(IR' + ) C A*. 

(iv) If p G ^S(M' + ) then a -4 a a extends to an entire analytic function and 
there exists a constant A > 0 with 

\\p°az\\ < IM|e A|Im2:| . 

(v) p G «4*(IR ,+ ) and x G A** implies that x<p G A* and px G A*. 


Pitfic 7faai/te«tattcn/ 
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(vi) ip G «4j$(IR/ + ) and x G M([— //,//]) imp/?/ that xtp and ipx both belong to 

^5(M /+ ). 

(vii) If ip G «4*(IR/ + ) andx,y G .4** then xipy belongs to ^*(H /+ ). 

(viii) The projection E + belongs to the center of A** which is equivalent to 
the statement that ^4* (IR ,+ ) is a folium. 

Proof: (i) Let ipi G 4*(H /+ ) be a norm convergent sequence with limit 
ip. Then one has for x G A the equation tpi(E + x) = ipi(xE + ) = pi(x), 
which implies the same relation for the limit ip and hence ip G 4*(1R /+ ). The 
relation (ipx)* = x*ip* implies that 4*(IR/ + ) is invariant under involution. 

(ii) Let ip G 4*(Il ,+ ). Since E + is the ultra-strong limit of the E( A) which are 
increasing, there exists for e > 0 a value A 0 such that \ip\(E(X)) > \ip\(E + )—^ 
and |</?*|(I£(A)) > \ip*\(E + ) — | for A > Ao. Hence we get 

II V ~ E(X)tpE( A)|| < ||p - ipE( A)|| + \\ipE(\) - E(X)ipE(X)\\ < e. 

This we obtain because 

|| ip — <pE(X)\\ = sup{f^( 2 ;jEl + — xE( A)); ||x|| < 1} 

= sup{M(z£ + - xE( A)); ||x|| < 1} 

= \<p\(E + - E(X)) < | for A>A 0 

and 

||^(A) - E(X)ipE(X)\\ = sup {ip((E + - E(X))xE(X))- 1|^|| < 1} 

< sup{<^((£: + - E(X))x); ||a:|| < 1} 

= sup{| \ip\ (( E + - E(X))x) |; ||x|| < 1} 

= \ip\((E+-E( A))) < | for A > A 0 . 

(iii) If G -4 q(IR/ + ) then there exists A > 0 such that pE(X) = <p and hence 
ip annihilates M((—oo, —A]). But this set contains N c and hence ip G A* by 
the bipolar theorem. 

(iv) If ip G 45(IR /+ ) then there exists A > 0 such that ip = <pE(X) = E(X)ip. 
The first relation tells us that ip(x) = 0 for x G M((—oo, - A]). If / G jC^IR) 
and supp E~ l f C (—oo,-A] then it follows that [x(f)] G M((—oo, —A]) 
and hence ip(a a x) is the Fourier transform of a distribution with support 
in [—A, oo). The equation E(X)ip — ip is equivalent to <p*E(X) = ip*. But 
this implies that E~ x (tp(a a x)) has its support in (-oo, A]. Both statements 
together imply supp E~ l (ip(a a x)) C [—A, A]. Since ip(a a x) is bounded for 
real a by ||^|| ||x|| it follows that ||<^o a z || < ||(/?||e A l Imz l. 

(v) If ip G 4*(IR ,+ ),e > 0 then there exists ipi with ||<p - v’lll < e and A 
with ipiE(X) = <p\. From 0 = M((—oo,—X])E(X) = xM((— oo, —A]).E(A) it 
follows that ipi annihilates xM ((—oo, —A]). This means xipi annihilates N c 
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and hence xipi G A*. Since A* is norm-closed by Theorem II.2.2 one has 
xip 6 A*. Since Pt*(]R ,+ ) and A* are both ^-invariant one finds x*ip* G A* 
and hence ipx € A*. 

(vi) Assume ipE( A) = E(\)<p = <p, x € M([—p,p]) and y G A**. Then we 
may write ip(xa a y) = ip(a a {(ct- a x)y}). Since (<p o ct a )y G A* and a a x is 
entire analytic we obtain by Lemma II.3.4 


°° (-a)* 

ip(xot a y) = ip(a a {(ot- a x)y}) = —~ip(a a (xiy)) 


with n(xi ) < ||x|| |p|\ Since p(a a (xiy)) is of exponential type A it follows 
that ip(xct a y) is of exponential type A+p. Assume y* G M((—oo, — A—p—e]). 
Then there exists a C°° function with support in (p+A, oo), identical to 1 on 
[A+p+e, oo), and such that y G [/ a a yf(a) da]. Hence one finds ip(xa a y) = 0 
which implies E( A + p + ()x<p = xtp. Since xtpE( A) = xtp one sees that xip 
is an element of Aq(IR' + ). The other statement follows from passing to the 
adjoint. 

(vii) From (vi) we know if <p G Aq( 1R ,+ ) and x € M([—p,p]) the functional 
<px is again in A ( *(IH ,+ ). Since Aq(IR' + ) is norm-dense in A*(IR' + ), which 
itself is norm-closed, it follows that <p G A*(IR.' + ) and a; € M([—p,p]) implies 
tpx G -4*(1R,' + ). It remains to show that for x G A** and <p G A*(IR.' + ) there 
exists a sequence x n G M([—p„, p n ]) such that tpx n converges in norm to 
px. Notice first if / G £ 1 (IR) with support f c [—p,p] then <px(f) G 
A*(IR' + ). Since these functions are norm-dense in £ 1 (IR) it follows that 
ipx(f) G «4*(IR ,+ ) for every / G £ 1 (Il). From the estimate 


\<p(y[*(f) - *])l <{M(w*)M([*(/r-**][*(/) “*])}* (*) 


we obtain (*) < ||j/|| ||<p||s |<p|([x(/)* — x*][x(f) — x])?. It remains to show 
that the last expression converges to zero for a suitably chosen sequence 
/„. Notice first that <p>E + = <p implies E + |<p| = |<p| E + = |<p| and hence 
|<p| also belongs to A*(IR' + ). Therefore, given e then one can find 5i with 
IIM ° ct a — Mil < spp- for |a| < 5j. Since x*y> G A* there exists 62 with 
||(x*|<p|)oa 0 -«*|<p||| < 4 p|f for |a| < S 2 , and 5 3 with ||(|<p|a;)oa 0 - M*ll < 
^Pli for |a| < S3. Let now S be such that 5 < 5i,5 < 4?- and S < S3 and 
assume / G £ 1 (H) with supp / C [—5,5] and / f(a)da = 1. Under these 
assumptions one obtains the following estimate: 
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M ([x(fy-x*Mf)-x]) 

= M(*(/)**(/)) - \tp\(x*x(f)) - \ip\(x(f)*x) + M(a*®)| 

< | J {M(x*®) - \<p\(x*cx b x)}f(b) dfc| 

+ I J - M((a o s*a0}7(a) do| 

+ | IJ{\ip\{x*a b - a x) - \<p\(x*x)}f(a)f(b)dadb\ 

+l//fM o a a (x*ab~ a x) - \(fi\(x*ab- a x)}f(a)f(b)dadb\ 

- i(/ + J /(a)do + JJ f(a)f(b)dadb 

+ J J f(a)f(b)dadbj = e. 

This shows that <px is the norm-limit of (px(f)’s which belong to -4*(IR ,+ ). 
So qxe G A* (IR ,+ ). Since this space is ^-invariant one has yipx G ^4*(R' + ) 
for (p G ^4*(IR ,+ ) and x,y G ^4**. 

(viii) E + is the common support projection of all ip G ^4*(IR' + ). This means 
E + G A**. On the other hand since (px is also in _4*(1R' + ) for every x G .4** 
it follows that E + commutes with every x G >4**, and hence E + e 2(A**) 
which implies that 4.*(IR ,+ ) is a folium. □ 

Remark: 

Since E + G Z(A**) it follows that J4*(1R' + ) is the set of normal states on 
E + A** which is a von Neumann algebra. If x G .4** then E + a a x is weakly 
continuous; in other words we can write x(f) if x G A**E + instead of [x(f)]. 

In A**E + the operator J 0 °° e iaX dE(\) is a one-parameter group of unitary 
operators and it is our aim to show that this implements the automorphism 

Ota* 

For use in the proof of the next proposition we recall a consequence of 
Definition II.3.2. Let / G £ 1 (1R) with supp T~ l f C [A,/x]. Then it follows 
that [«(/)] C M([X,p]) provided one has A < p,. 

II.4.5 Proposition: 

With the same assumptions and notations as before one obtains 

(i) If x G E + M(Di) and y G E + M{D‘i) then it follows that 

xy G M(Di + D 2 ). 

(ii) For every x G A** one has (X > 0) 


xE(X) G M([—A,oo)). 
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(iii) For every x G A** one has (A, /x > 0) 

(. E + - E(\))xE(ji) G Af([-/x + A, oo)). 

(iv) For every x G A**, and 0 < Ai < A 2 and 0 < p,\ < /x 2 one has 

(E(X 2 ) — E(\i))x(E(fi 2 ) — E(n i))G M{[—H 2 + Ai, —/ii + A 2 ]). 


Proof: (i) x G M(D) is equivalent to the statement that supp F~~ 1 a a xE + 
C D. Hence one has thas F~ l a a (x)ab(y)E + has its support in D\ x D 2 . 
Denoting (. F~ 1 a a (x)a b (y))(ti,t 2 ) = F(ti,t 2 ) one finds that a a (x,y) = 
j e io(ti+t 2 ) j , (t 1) t 2 )dt 1 d ^2 where the integral is meant in the distributional 
sense. But this shows xy G M(Di + D 2 ). 

(ii) For / G /^(IR) and supp F~ l f G (— 00 , —A] it follows that E + x(f) G 
M((— 00 , —A]) and hence x(f)E( A) = 0 by the definition of E( A). This shows 
supp F~ 1 a a xE( A) C [—A, 00 ) which is equivalent to the above statement. 

(iii) Assume y G M((-oo,-A]) and let / be as in (ii) such that x(f) G 
M((- 00 , -/x + A]). Then from (i) one has yx(f) G M((— 00 , -y.]). Thus we 
obtain yx(f)E(y) = 0. From this we learn by (ii) supp F~ 1 a a yxE(y) c 
(- 00 , -/x + A] for every y G M((- 00 , -A]). Now yx(f)E(y) = 0 implies 
zyx(f)E(y) = 0 for every z in A** and hence for the whole weakly closed 
left ideal generated by M((- 00 , -A]). Since E( A) is its right annihilator it 
follows l-E(X) belongs to this left ideal and hence (E + -E(X))x(f)E(y) - 0 
iix(f) G M((— 00 , —/x + A]) or equivalently supp F~ l (E + — E(X))a a xE(y) G 
[-/x + A, 00 ). 

(iv) Let X be the expression (iv). This we can write in two ways: 

X = (E + -E(Xi)){E(X 2 )x(E + - J5( Ml ))}JS( M2 ) 

= E(X 2 ){(E + - E(X 1 ))xE(y 2 )}(E + - E(y 1 )). 


Hence we obtain X G M([X\ — /X2,oo)) and X* G M([yi — A 2 ,oo)). The 
desired inclusion is implied by Proposition II.3.3. □ 

After these preparations we are able to prove the main result of this section. 


II.4.6 Theorem: 

Let {„4,IR,, a} be a C* -dynamical system and assume the projection E + de¬ 
fined in II.4.1 is not zero, E + G Z(A**). Let E( A) G A**E + be the family 
of projections which are defined in II.4.1. Let 



dE(X) 


which is a unitary group in A**E + . Then 
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(i) U{a) implements the automorphisms a a ; namely: 

a a xE + = U(a)xU*(a) 


for every x € A**. 

(ii) U(a) is minimal in the following sense. Let {7r, TL} be a normal repre¬ 
sentation of AE + . Assume on H there exists a continuous unitary group 
V(a) such that 

(a) 

7 T (a a x}= V(a)7r(x)V*(a). 

( 0 ) The spectrum of V(a) is contained in IR, + . 

If we write U(a) = exp{iifa} and V(a) = exp{i H'a} then follows H' > 
<H). 

(Remark that the spectrum condition implies that H and II' are both non¬ 
negative operators). 

Proof: Let Ao be fixed then E(\q)A**E(\ 0 ) is an invariant subalgebra 
and our aim is to show that E(Xq)U( a) implements the automorphism on 
this algebra. Choose 0 = p 0 < Mi < ••• < Mn = A 0 . Choose Vi € 
and define 

N 

U I (a) = J 2 e i ^{E(M j )-E(M j -i)) 
i=i 

where I stands for the set {pi, Vi}- Let e(I) = max(/z; — Mi-i)- Now we want 
to investigate the expression 

Uj(a)a a xU I {a) = {E(mj) ~E(Mj-i))a a x{E(Mk) -E(p k ^)). 

j,k 

One obtains from Proposition II.4.6 (iv) 

supp yr-i^-u ,) ( 2 ^.) _ Eipj^aaxiEipk) - E(pk- 1 )) 

C [Mj -1 - Pk,Pj - Pk-i] + Vk- Vj C [-e(I), e(/)]. 

This shows that Uf{a)a a xUj(a) has an extension as an entire analytic func¬ 
tion of exponential type 2e(7) which is bounded for real a by \\xE + 1|. Thus 
we obtain \\Uj(a)a a xUi(a)\\ < ||®||el Im °l 2e ( / ) and \\Uj(a)a a xUi(a) — x\\ < 
2 |a|e(/)e 2 for |oe(/)| < 1 and with x 6 E(Xq)A**E(Xo). Choosing a sequence 
I n such that e(/ n ) -4 0, U In (a) converges to U ( a)E(X 0 ) in the norm-topology 
and this uniformly on every compact of <D. Consequently we find 

U(a)xU(a)* = a a x for x G E(X 0 )A**E(X 0 ). 
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Now notice that E( A) converges strongly to E + for A -+ oo and E(X)U(a) 
converges strongly to U(a). Therefore, we obtain statement (i) of the theorem 
by taking the weak limit A -4 oo of 

E(X)U(a)xU(a)*E(X) = E{X)a a xE(X). 

Note that there exists a projection G„ 6 Z(A**E + ) such that G n A** and 
7 r(.4**) are isomorphic. Let V(a) — J 0 °° e iaX dE'(\) be the spectral decom¬ 
position of V(a ) then tt(H) < H' is equivalent to the statement E'(X) < 
n(E(X)) for every A. Since E( A) is the right annihilator of M((—oc, -A]) 
and since A** is a von Neumann algebra it follows that E{X)G n is the 
right annihilator of G n M((— oo, — A]). Tnerefore, E'{ A) < E{X) holds if 
we have n(x)E'( A) = 0 for every x € M((—oo, —A]). Now we compute 
V(a)n(x)E'(X) = Tr(a a x)V(a)E'(X) = lim e _>o V(a)E'(X - e). Since V(a) 
has a positive spectrum one has supp E~ l V(a)E'(X — e) C [0, A — e]. 
By assumption one knows supp E~ 1 n(a a x) C (—oo, —A] and hence supp 
J r_1 7r(a a x)F(a) J E'(A — e) C (-oo, —e]. But again V(a ) has a positive 
spectrum and this means supp E~ 1 V(a) C [0, oo). This can only hold if 
V(a)n(x)E'{X — e) = 0. Since V(a) is unitary we have Tr(x)E'(X~e) = 0 and 
hence ir(x)E'(X) = 0 which implies E'( A) < E{ A). □ 

II.5 Characterization of positive energy states 

In this section we will first treat the converse problem, namely we again con¬ 
sider a C*-dynamical system {A, 1R, a] and a representation {H, n, V, 1R ,+ } 
by which is meant a representation n of A on W, and a continuous unitary 
representation V(a) of the group 1R with spectrum in 1R ,+ which imple¬ 
ments the automorphism a a ■ We want to investigate the relations between 
this representation and objects of the last section. Furthermore we give a 
characterization of those states which give rise to representations with the 
properties just described. We start with a general observation. 

II.5.1 Lemma: 

Let {A, G, a) be a C*-dynamical system. Let G(r) be a topological group, 
and let U(g)} be a representation of A, where U(g) a continuous rep¬ 

resentation of G implementing the automorphisms a, i.e., 

U(g)Tr(x)U*(g) = ir(a g x). 

Then every normal functional ofn belongs to A* (see II.2.1 for the definition). 

Proof: Since A*, is a vector space which is closed in the norm-topology and 
since every 7r-normal functional is the norm-limit of linear combinations of 
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vector functionals it is sufficient to prove the statement for vector functionals. 
Now we compute 

\(tp,{ir(a g x) - n(x)}ip)\ = \(tp,{U(g)n(x)U*(g) - n(x)}ij>)\ 

< \(<p,U( 9 Hx){ir(g) - 1W)\ + \(tp, {U(g) - 1}*(*W)| 

< ||*|| [IMI ll{^(5) - m\ + \\{u*(g) - iMI IMI] 

from which we obtain: 

IIM 4 )°ot g - (ip, Mil 

< [IMI \\{U*(9) - 1}V>II + - 1MI IMI]- 

Since U(g) is continuous and hence strongly continuous it follows that 
(ip, .ip) e A*. a 

Before going on we need a preparatory result: 

11.5.2 Lemma: 

Let {A, TR d , a} be a C*-dynamical system. Let D C H ,d be a closed set. 
Let e > 0 and denote by D e an e-neighbourhood of D. Denote by R(D e ) the 
weak closure of the linear space generated by the sets [x(/)] (see Definition 
II.3.1) with x € >1** and supp f C D t . Then R(D e ) contains M(D) (see 
Definition II.3.2 for M(D)). 

Proof: For every x € A** and every g with supp T ~ 1 g C D e one has 
[x(< 7 )] C R(Dz). If x € M(D) then one hase supp T~ l a a x C D. Now for 
every function / € £ 1 (IR d ) there exists a function g G £ 1 (]R d ) with supp 
F~ l g C D t and !F~ l f = F^g on D. Hence it follows that [x(/)] c R(Df) 
for every x € M(D) and every f G £ 1 (IR d ). So it remains to approximate [x] 
by [x(/)]. For ip G A* c denote ip/ = J f(a)ipoa a do which is well defined since 
ipoaa is continuous in the norm-topology. Using the identity ip(x(f)) = ipf(x) 
we see that the right-hand side is continuous in the ultraweak topology on 
A**. With this we find that if tp G A* then there exists a function / G C 1 (!R <i ) 
with \ip(x(f))—ip(x)\ < e (see the proof of Proposition II.4.4 (vii)) and hence 
x G R(D e ). a 

We use this result for proving the important 

11.5.3 Theorem: 

Let {A, 1R, a} be a C* -dynamical system. Then a functional ip G A* belongs 
to ^4q(IR ,+ ) if and only if tp and tp* both have the following properties: 

(a) The functions a —> p(xa a y), x,y G A are continuous 

(ft) tp(xa a y) is the boundary value of an analytic function W x>y (z) holomor- 

phic in the upper half-plane {z; Im z > 0} 

( 7 ) There exists a constant m > 0 such that W XtV (z) fulfils the estimate 
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W x ,y(z)\ < M ||x|| ||y|!e mIm2: . 


Proof: Assume first that ip G _4.J(IR ,+ ). Then there exists A such that 
ip = ipE( A) and ip* = ip*E(\). Prom this we obtain the conditions as follows: 
ip(xa a y ) = ip(xa a (y)E{ A)). Since ip G «4o(]R' + ) we have xip G *4*(1R' + ) by 
Proposition II.4.4 (vii). On the other hand yE( A) 6 M([— A, oo)) by Propo¬ 
sition II.4.5 (ii) which means that ip(xa a (y)E(\)) is the Fourier transform 
of a tempered distribution with support in [—A, oo). Hence <p(xa a y ) has an 
analytic continuation W x<y (z) into the upper half-plane. W x%y (z) is of expo¬ 
nential type A. On the real axis it is bounded by ||^|| ||x|| ||j/|| and therefore 
we obtain the estimate | W Xty (z)\ < ||<p|| ||x|| ||y||e( A+e ) Im L This shows that 
the conditions are fulfilled. Conversely assume ip is a functional fulfilling the 
three conditions. Putting x = 1 it follows from <p(a a y) = ip*(a a y*) that 
ip(a a y) extends to an entire analytic function W y (z) which can be estimated 
as follows: \W y (z)\ < ||^|| ||y||e rn l Imz l. Hence we get by the Schwarz lemma 

k(a«y) - <P(v) I < l ffl l ll?/||2||^||e m for |a| < 1 

which shows that <p o a a is continuous in a. Prom the estimate ( 7 ) it follows 
that ip(xa a y ) is the Fourier transform of a tempered distribution with sup¬ 
port in [—m, 00 ). Hence for every / € /^(IR) with supp E~ l f C (- 00 , —m] 
we get / ip(xa a y)f(a)da — 0. Since xip is a normal functional on A** we 
find, by Lemma II.5.2, that ip(xy) = 0 for every y G M((— 00 , — m — e]), e > 0 
and consequently, by the definition of E( A), the equation ipE(m + e) = ip. 

Since ip* has the same property we also get E(m + e)ip = ip, which shows 
that ip G v43(H ,+ ). o 

Remark: 

It is necessary to require that ip(xa a y) and ip(a a {x)y) be continuous since 
this cannot be concluded from the continuity of the function ip{a a x). 

Now we are prepared to prove the main result of this section. 

II.5.4 Theorem: 

Let {A, JR., a} be a C*-dynamical system, and let {H, ir} be a representation 
of A. Then the following statements are equivalent: 

(1) In B(H) there exists a continuous unitary representation V(a) of the 
group II with 

(a) spectrum V(a) C M ,+ . 

((3) V(a) implements the automorphism a a : 

7 r (a a x) = V(a)ir(x)V*(a). 
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(2) There exists a projection G n € Z(A**E + ) such that A**G n and tt" are 
isomorphic. 

(3) Every vector state of n belongs to *4*(IR. ,+ ). 

Proof: We show (1) —> (3) -> (2) -> (1). (1) —> (3) Let P(a) = 
J 0 °° e'^d-E^A) be the integral decomposition of V(a) and take ip £ P such 
that E'(X)ip = ip for some A. Then we have: 

(' ip,Tr(x)Tr(a a y)ip) = (ip,Tr(x)V(a)ir(y)V* (a)E' (X)ip) = u^(xa a y). 

Since spectrum V(A ) C 1R ,+ it follows that supp J r ~ 1 uy,(xa a y) C [-A,oo), 
which implies that cj^(xa a y) has an analytic extension W(z) into the upper 
half-plane as a function of exponential type A. Since W(z) is bounded for 
real z by ||'^|| 2 ||x|| ||t/|| one has the estimate |W(z)| < ||' 0 || 2 ||x|| || 2 /||e^ +e ^ Im2 . 
This shows that fulfils the conditions of Theorem II.5.3 and hence it 
belongs to *4o(IR ,+ ). Since the set of vectors with the property E'(X)ip = ip 
for some A is dense in P we get that every ui^ is the norm-limit of these 
special uj'^s. Hence every belongs to *4*(IR.' + ) since this is a norm-closed 
linear space (by Prop. II.4.4). 

(3) -* (2) Since all the vector states of 7 r belong to ^4*(IR ,+ ) and since this 
is a norm-closed linear space all normal states of n belong to .4*(IET + ). This 
implies that there exists a projection G„ 6 Z(A**E+) such that a positive 
functional is 7 r-normal if uj(G n ) = ||u;|| holds. But this implies that n" and 
A**G n are equivalent von Neumann algebras. 

(2) -* ( 1 ). Let U(a) £ A**E + be the unitary group implementing a a which 
has been constructed in the last section. Then for x 6 A**E + one has 
U ( a)xU*(a) = a a x and since 7 r is quasi-equivalent to a subalgebra of A**E + 
one obtains also the equation: 

n(U(a))n(x)TT(U(a))* = 7 r(a 0 x). 

Since ir(U(a)) is again unitary ( 1 ) follows. □ 

II.6 The spectrum in a cone 

The following situation will be investigated in this section. {A, HP 1 , a} is a 
C* -dynamical system and C C It d is a cone with the properties 

(i) C is a closed convex cone. 

(ii) C is an open cone. 

(iii) C is a proper cone i.e. C n {—C} = { 0 }. 

The dual cone will be denoted by C' which is a proper closed cone with inte¬ 
rior points. We want to characterize covariant representations {P, n, U(a)} 
such that U(a) is a continuous unitary representation of the group IR d with 
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spectrum U(a) contained in C', and the property that it implements the 
automorphisms a a . This means in particular that for every direction t G C 
the subgroup a p t, p € IR fulfils the conditions of section II.4. This leads to 
the following 

11.6.1 Definition: 

Let {A, lR d , a} be a C* -dynamical system and let C C lR d be a proper convex 
closed cone with interior points: 

(i) For t G C, 1 7 ^ 0 denote by E(t, A) the spectral projection of the group 
representation U ( pt), p G IR, described in section II.4. These projections 
are invariant under a a by Proposition II.4.2(v). 

(ii) By E + (t) we denote s-lim^oo E(t, A) which belongs to Z(A**) by 
II.4.4 (viii). 

(iii) Define E(C') = t £ C, t ^ 0} where the product is the limit 

of the decreasing net of finite products. E(C') G Z(A**). 

(iv) For p G C' define 

E{< 0,p>) = J|{£J(f,A t ); teC, t^ 0, A t = ( p,t )}, 

in which < 0 ,p > stands for the order interval C' n {p — C'}. These 
projections are again invariant under a a . 

We start the investigation with the following preparation: 

11.6.2 Lemma: 

With the notation of Definition II.6.1 we obtain: 

(i) Let p n be increasing relative to the order of C' such that (J n < 0 ,p n > 
covers all of C'. Then one finds s-lim^oo E(< 0 ,p n >) = E(C'). 

(ii) For every x G A** the function 

a -* a a (x)E(< 0 ,p >) 
is weakly continuous and 

supp E~ 1 a a (x)E(< 0 ,p >) C —p + C.' 


Proof, (i) Since all the U(pt)E(C') are continuous and commute for differ¬ 
ent t, it follows that every normal state of A**E(C') belongs to A*. Let u> be 
a normal state of A**E(C') and let / G £ x (lR d ) with / > 0, / f{a)da = 1 

with supp f = K compact. Define w/ = / woa 0 /(a)do. Let t G C. Then 
there exists A t x such that K C {p; (p, t) > -A)}. By Definition II.3.2 such 
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c Of annihilate every x & M({p; (p,t ) < —A)}) and therefore we have by Def¬ 
inition II.4.1 u>f(E(t, A()) = Uf(E(C')) = 1. Let now p n € C' be such that 
( Pn,t ) > Aj. Then w/(n” =1 E(ti, (p n ,t))E(C')) = u f (E(C')), and hence by 
the definition of E(< 0 ,p n >) we obtain Uf{E{< 0 ,p n >)) = u f (E(C')). 
Denote by F = s- lim n _*oc, E(< 0 ,p n >). Then we have w/(F) = u>f(E(C')) 
for every positive £ 1 (H d ) function of norm 1. But since a a acts strongly 
continuously on the pre-dual of A**E(C') it follows that these states are 
dense in this space and hence the above equation holds for every A**E(C') 
normal state. From this we obtain F > E(C'). The opposite inclusion is 
trivial. 

(ii) We know from Proposition II.4.5 that supp F~ l a\ t {x)E{t, p) C 
{p; C P,t) > —p}- Hence we obtain by the definition of E{< 0, p >) 

suppF” 1 a a (x)E(< 0, Po >) c n t£ ^{p; (p,t) > ~(Po,t)} = ~Po + C'. □ 

With help of this Lemma one is able to construct a group representation 
fulfilling the spectrum condition. To this end we introduce the following 

II.6.3 Definition: 

With the same assumptions and notations as before: 

(i) B — {ft 1 , ...,b d } denotes a basis of IT* such that h 1 € C, and {6 1 } are 
linearly independent. 

(ii) For every tf € B let U(Xb l ) € A**E(C') be the minimal representation 

of the one-parameter group fulfilling the spectrum condition and imple¬ 
menting the automorphisms a A (,« described in section IIA. For a € H d 
and a = A»6* define 

d 

U B (a) = JlU(X i b i ). 

»=i 

(iii) By C' B we denote the following set: 

C'b = {p; (p, &*) > 0, i = 1,..., d}. 

By construction ofUsia) it follows that spectrum U B {a ) C C' B . 

The representation U B (a) is certainly not the only one which implements 
the automorphisms a a on A**E(C"). If Z(a) is a continuous representation 
of translation-group Z(a) € Z(A**E(C")) then U B (a)Z(a) again belongs to 
A**E(C') and implements a a ■ Therefore it is natural to ask whether or not 
one can find Z(a) is such a way that the spectrum of U B {a)Z{a) is contained 
in C' . That one can find such a representation Z(a) will be the next result. 
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XI.6.4 Theorem: 

Let {*4, ]R d , a} be a C* -dynamical system and assume that E(C') is not zero 
(for the definition see II.6.1 (iii)). Then there exists a continuous unitary 
representation U(a) of the translation group with 

(i) 17(a) G A**E(C'). 

(ii) Spectrum U(a) C C'. 

(iii) U{a) implements the automorphism a a on A**E(C'). 

Proof: Let r be a compact set in C' B and denote by A =< Q.p >c C" 
which is also compact. Denote by F(F) the spectral projections of U B {a) and 
let E{A) be the projections introduced in II.6.1 (iv). All these projections 
belong to Z(Aq) and hence F(r)E(A) is again an invariant projection. 
Taking a sequence P n such that U n r n = C' B and a sequence A n —< 0 ,p n > 
such that U n A n — C 1 , one finds, by construction of F(r) and by Lemma 
II.6.2 (i), that s-lim,,.^.*, F(r n )E(A n ) = E(C'). Let G(r, A) be the central 
carrier of F(r)E(A), Then G(r,A) is nothing else but the common range 
projection of all elements of the form xF(r)E(A), x € A**. Hence inves¬ 
tigating the expression G(r, A)U B (a) is the same as investigating the family 
of expressions 

U B (a)xE(A)F(r) = a a (x)U B (a)E(A)F(r) 

= a a (x)E(A)U B (a)F(r). 

From the definition of F(F) it follows that supp T~ l U B {a)F{r) c r and 
from Lemma II.6.2 (ii) we know supp F^ 1 a a {x)E(A) C -A + C' . Putting 
the two together one has supp F~ 1 U B (a)a a (x)E(A)F(r) c r — A + C'. 
Since F and A are both compact we can choose q = q(r, A) such that 
r - A + q(r, A) C C'. Hence spec G(F, ^)f/ B (a)e i ( a > 9 ( r ' zl » C C' . Now take 
a sequence r n , A n covering C' B and C' . Then G(F n , A„) converges to E(C'). 
Define 

OO 

W(a) = ^2{G(r n+1 , A n+l ) - G(r n , An)}e >(«Mr n+1 ,A n+l ))' 

i 

Then W(a) is a continuous unitary representation of the translations be¬ 
longing to Z(A**E(C')) and therefore U(a) = U B (a)W{a) is a continuous 
unitary representation of the translations belonging to A**E{C') which im¬ 
plements a a - It remains to show that U{a) fulfils the spectrum condition. 
We have 

U{a) - U B (a)W(a ) = 

OO 

J2{G(r n+u A n+ 1 ) - G(r n , A n )}U B (a)e^ r ^' A ^l 
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Since by the above calculation and the definition of q(T, A) each term of the 
summand has its spectrum in C 1 , it follows that spectrum U(a) C C . □ 

Finally we want to characterize the normal states of the algebra 
A**E(C'). We start with some notations. 

11.6.5 Definition: 

With the notations of this section we set: 

(i) A*(C') = {<p £ A*-,E(C')(p = ipE(C') = ip}. 

(ii) Al(C') = {p € A *; there exists p € C' with E(< 0 ,p >)p = 
pE{< 0 ,p>) = p). 

With these notations one obtains the following result: 

11.6.6 Theorem: 

Let {^4, IR/^a} be a (A-dynamical system and C C a closed, convex, 

O 

proper cone with interior C ^ 0. One obtains, in the notation of the last 
definition: 

(i) Aq(C') is norm-dense in A*(C'). 

(ii) An element <p € A* belongs to Aq(C') if and only if it fulfils the following 
properties: 

(a) a -> p{xa a x) is a continuous function on IR^, x,y € A. 

(ft) ip(xa a y) is the boundary value of an analytic function W(z) holo- 
morphic in the tube 

T(C) = {z € € d ; ImzG C}. 

( 7 ) There exists a constant m such that 

|W(z)|<|M| ||a:|||| J ,||e"*ll Im *ll 

holds for z € T(C). 

(S) ip* fulfils the same conditions as <p. 

(iii) Let {Tt, 7r} be a representation of A. Then one can find a continuous 
unitary representation V(a) acting on H, which implements a a with 
spectrum V(a) c C' if and only if every vector state belongs to 
A*(C'). 

Proof: (i) From Lemma II.6.2 (i) we know that E(< 0 ,p n >) converges to 
E(C'). From this the statement follows in the same manner as in the proof 
of II.4.4 (ii). 

(ii) Let p € Aq(C') such that ipE(< 0, p >) = ip. Then from Lemma 11.6.2(H) 
supp F~ l p{xa a y) c —p + C'. 
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This implies that p(xa a y ) is the boundary value of an analytic function 

O 

W(z) holomorphic in T(C) fulfilling the estimate 

\W(z)\ < |M| ||z|| ||y||e l|p|ll|Im2 l | . 

Hence conditions (a)-(<5) are fulfilled. Conversely, assume that p fulfils these 
conditions. Then there exists a point p\ 6 C" such that < 0,pi >D {p € 
C'; ||p|| < m). So we see that W(z)e' ( - Pl is bounded and therefore by 
Lemma II.1.2 supp F~ l p(xa a y) c -p\ + C'. From this it follows that p 
annihilates the left ideal generated by M({p; (p, t) < -(pi,t)- e}) for t e C, 
which implies pE(t, (pi,t)+e) = ip. Since this holds for every t € C we obtain 
pE(< 0, (1 + e)p\ >) = ip. As the same is true for tp* we find p e Al{C’). 
(iii) Let {H, 7r} be a representation of A such that the vector states aty be¬ 
long to A*{C). Since A*(C r ) is a norm-closed vector space it follows that 
every 7r-normal state belongs to A*{C’). Hence there exists a projection G nx 
in Z(A**E(C’)) such that 7r is a faithful normal representation of A**G rr . 
Hence n(U(a)) is the desired representation of the translations on V.. Here 
U(a) is a representation of the translations described in Theorem II.6.4. On 
the other hand let {H, n, F(a)} be a covariant representation fulfilling the 
described properties. Let 

F(a) = [ j^dFip) 

Jc 

be the integral representation. Then for every ip G V. with compact support, 
i.e., F(A)ip = ip where A is a compact subset of C ', the function 

u^{xa a y) = (ip,n(x)V(a)n(y)V*(a)F(A)ip) 

is such that supp F~ 1 u> x p(xa a y) C -A + C 1 . This implies that fulfils 
the conditions (a)-(S) of statement (ii). For condition (<J) notice that u>^ is 
selfadjoint and hence ui^ belongs to A*(C'). Since the vectors ip € % with 
F(A)ip = ip for some compact A C C 1 are dense in H, and since A*(C) is 
closed in norm, every belongs to A*{C‘). □ 

We end this section with some remarks on the topology of the space of 
states in A*(C'). 

II.6.7 Addendum: 

(1) Denote by S(C') the set of states belonging to A*(C'). This space is 
sequentially complete. 

(2) Denote by S(m ) the set of states u e S(C') having exponential growth 
of order m, i.e. 

S(m) = {ue S{C')\ |w(a 2 a:)| < ||x||e m ^ Im2 ^}. 
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The continuity condition (n, a) of Theorem II.6.6 prevents this set of being 
weakly compact. But one has 

S ( m ) is closed in the topology of uniform convergence of all functions 
a — ><jj{xa a y), x,y<EA 

on compact sets of H d . 

Proof: (1) The space A*(C') is the pre-dual of the von Neumann alge¬ 
bra E(C')A**. But it is well known that the set of normal states of a von 
Neumann algebra is sequentially complete. 

(2) The necessity of the condition is clear, since otherwise the continuity of 
the limit is not guaranteed. Since all functions up{xa a y) have analytic con¬ 
tinuation W 0 (z) into the tube T(C) which are bounded by ||x|| ||y||e m H lmz ll, 
it follows from Theorem II. 1.7 that these are Fourier transforms of tempered 
distributions with support in K m + C', where K m is the ball of radius m. 
Since the expressions ujp(xa a y) converge as functions wich are uniformely 
bounded, they converge as tempered distributions. Hence the limit is again 
the Fourier transform of a tempered distribution with support in K m + C'. 
Hence also the limiting function has an analytic continuation W(z ) into T(C) 
fulfilling the same estimate. Hence by Theorem II.6.6 the limiting functional 
belongs to A^(C'), and the estimate shows that it belongs to S(m). □ 

II.7 Notes and remarks 

(1) That there exist close relations between support properties of functions 
and analyticity properties of their Fourier transforms has been know for 
some time. The classic text book on this subject is that of Paley and Wiener 
[[PW]]. For applications in physics the extension of this theory to tem¬ 
pered distributions is very useful. The famous Paley-Wiener-Schwarz theo¬ 
rem which describes those distributions with compact support by means of 
their Fourier transformations already appears in the textbook of L. Schwartz 
on distribution theory [[Schw]]. 

Lemma II. 1.2 is due to L. Schwartz [Schw52], His proof differs from the 
proof given here. It is not necessary to use the sharp cutting property in 
our proof. One obtains the same result by using a decomposition with the 
help of smeared-out step functions which lead to the same arguments. The 
existence of sharp cutting used in our proof is a simple application of the 
Hahn-Banach theorem. This case is easy to handle, since here the cutting is 
by a hyperplane. For the cutting along more complicated hypersurfaces see 
e.g. the expose of Malgrange in [Mai]. 

For the detailed description of distributions with values in some other 
vector space used in II. 1.4 we refer to the paper of L. Schwartz [Schw58]. 
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The proof of Theorem II.1.5 uses unpublished ideas of L. Garding which are 
based on methods developed by Kothe [Ko] and Tillmann [Ti]. Our Theorem 
II. 1.7 is also closely related to the so-called 

Bros-Epstein-Glaser Lemma: 

Let C C lR rf be a closed, convex, proper cone with interior points. Let 
T € ^'(IR^) with supp T C C. Then there exists a continuous, polynomially 
bounded function G with supp G C C and a polynomial P(x), x € ST* with 

T = P(D)G. 

For the proof of this result in special cases see Bros, Epstein, Glaser [BEG], 
for the general case see e.g. Reed and Simon Vol. II [[RS]]. 

(2) If {A, G, a} is a C*-dynamical system then it is a natural task to charac¬ 
terize covariant representations. There is even the book of Pederson [[Ped]] 
which is mainly dedicated to this question. In most of the investigations it 
is assumed that the group acts strongly continuously on the algebra, which 
means the function g -» a g ( x ) is continuous in the norm-topology for every 
element x € A. Moreover, it is generally assumed that G is a locally com¬ 
pact group. In this case one may exploit integration theory on the group. If 
both assumptions are fulfilled then one can construct the crossed product 
between the algebra A and the group G. This is a C'-algebra containing 
all information concerning covariant representations. The crossed product 
with a discrete group has been introduced for the first time by Tn mma.n i 
[Tu]. The general case is due to Doplicher, Kastler, and Robinson [DKR]. 
However, it has been observed by the author that the existence of covari¬ 
ant representation is governed by the continuity of the group action in A* 
and not in A. In the case of locally compact groups it has been shown in 
[Bch69,73a] and for the general situation in [Bch83]. This result reads: 

Theorem: 

Let {A, G, a} be a C* -dynamical system, with G a topological group, and 
let it be a representation of A. There exists a representation {ir, U(g)} with 
n quasi-equivalent to n, and U(g) is a continuous unitary representation of 
the group G implementing a g , if and only if the folium F(ir) (of ir normal 
states) is invariant under a* and a* acts strongly continuously on the folium 

F( 7T). 

The main result of section II.2 is Theorem II.2.3 which has been proved 
in [Bch83]. The proof presented here is due to P. Junglas. It is much shorter 
then the original one in [Bch83]. 

It has been shown in [Bch93] that A* is the predual of a von Neumann 
algebra. This result uses the Tomita-Takesaki theory [[Ta70]]. The first step 
in this direction can be found in [Bch83]. The result is 
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Theorem: 

Let {A, G, a} be a C* -dynamical system, with G a topological group. Then 
A* is the predual of a von Neumann algebra M c C .4**. This von Neumann 
algebra coincides with Afm ed ' where 

M c = {A € A**; Aw 6 A*, wA € A*, Vw e A*}. 

The suffix ’’(red) ” means division by the anihilator of A*. 

(3) The concept of momentum transfer is common knowledge to all physi¬ 
cists. It has been used in several branches of physics, in particular scatter¬ 
ing theory. In mathematical literature the spaces of momentum transfer are 
known under the name of spectral subspaces (of the automorphism group). 
They have been introduced by Godement [Go] and systematically studied by 
Arveson [Arv]. In some investigations the spaces of momentum transfer are 
replaced by the left ideal generated by these subspaces [Bch70a]. The main 
contribution of Arveson in this field is a clarification of the different roles 
played by the different possibilities of defining spaces of momentum transfer. 
The definition used here is a simple generalization of Arveson’s definition to 
the case where the group does not act strongly continuouity on the algebra. 

(4) The main breakthrough in the theory of automorphisms of a C*-algebra 
was the result of Kadison [Kad] and Sakai [Sa] stating that every derivation 
of a C*-algebra can be realized with help of the commutant with some oper¬ 
ator belonging to the enveloping von Neumann algebra. Shortly afterwards 
the authors [Bch66] could generalize this result to one-parameter automor¬ 
phism groups with semi-bounded spectrum, provided the group action is 
strongly continuous. From here to the result presented in section II.4 took 
almost two decades [Bch84]. The main difficulty consisted of finding the right 
definition for 4.*(IR' + ) and showing that it is a folium. The construction of 
the unique minimal U(a), a e IFt, is due to Olesen and Pedersen [OP] and 
Olesen [01] in cases where the action of the group is continuous in norm, or 
strongly continuous on the algebra. The extension to the case treated here 
is straightforward. 

(5) In case the action of the group is strongly continuous, the states giving 
rise to positive energy representations such that their presenting vector has 
only finite energy support, can easily be characterized by left ideals [Bch70b] 
and also [Bch73b]. This also shows that in this continuous case the states 
with fixed finite energy form a weak (a(A*,A)) compact set. This result 
is not longer true when the continuity assumption on a a is dropped. A 
characterization of such states in the general situation was first developed 
in [Bch84]. 
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(6) The step from the one-dimensional case to the n-dimensional situation 
was easy in the case where the cone in question was a simplical cone (see 
e.g. [01]). The trick passing from here to the case where the cone is a general 
has been developed in [Bch84]. The observation that the spectrum condition 
leads to weakly inner automorphisms did not come completely unexpectedly 
since Araki [Ar64] had observed, already in 1964, that the center of every 
representation obeying the spectrum condition is left pointwise fixed by the 
translations. 

The result about the sequential completenes of the normal functionals of 
a von Neumann algebra can be found in [[Ta79]]. 
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Chapter III 


The Opposite Edge of the Wedge Problem 


In chapter II we have seen that the theory of analytic functions plays an im¬ 
portant role when one wants to characterize support properties in momentum 
space by properties in configuration space. For the further development of 
the theory of local observables one has to look at the interplay between the 
spectrum condition in momentum space and the locality condition in con¬ 
figuration space. The main tool for treating such problems has turned out, 
so far, to be the theory of analytic functions. This chapter is devoted to a 
presentation of these techniques. 

In the first section we will give a short introduction to the theory of 
several complex variables. The statements will be given without proofs. We 
also collect only those results which are useful for our purpose. The content 
of these sections is centered around the so-called edge of the wedge problem. 
In the second section we give a proof of the edge of the wedge theorem. It 
deals with the situation where two domains have common boundary-points 
but otherwise an empty intersection. 

In C n not every domain G is a natural domain. In such a situation ev¬ 
ery function holomorphic in G can be analytically continued into a larger 
domain. Sections 3 to 7 deal with this situation. In section 3 we prove the 
so-called double cone theorem. In section 4 we present the Jost-Lehmann- 
Dyson theorem. This is a far-reaching result, but it is restricted to problems 
which appear typically in physics. In the final three sections we use the Jost- 
Lehmann-Dyson result as a starting point and try to obtain some results 
which go beyond the Jost-Lehmann-Dyson representation. For z 6 <D" we 
write z = x + iy with x,y G H n . 
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III.l Holomorphic functions of several complex variables 


Due to locality in configuration space and the spectrum condition in momen¬ 
tum space, many functions appearing in quantum field theory are boundary 
values of analytic functions. As a result, the theory of analytic functions is a 
tool which has been used with great success and which should be used also 
in future investigations. 

A domain G C C n is called a natural domain whenever to every point 
zq G dG there exists a function f{z) holomorphic in G which cannot be 
analytically continued into a complex neighbourhood of this point zq. Since 
in C 1 to every zq there exists the function which is singular at zq, it 
follows that every domain in C 1 is a natural one. This is no longer true in 
the case of more than one variable. This can best be demonstrated by an 
example: 


III. 1.1 Example: 

Let B be the set B = {z € C n ; ||z|| := \zi\ 2 ) X ^ 2 < 1}. Let Hf be the set 

= {z £ € n ;Imz! > 0} and define G = Hf \ B. Then for n > 1 one 
finds that every function f(z) holomorphic in G has an extension into Hy . 

Proof. Define 


F{z \, ...z n ) 


1 

27ri 


/ 


|*>|=2 


/(zi,...,z n -i,y>) 
T~Zn 


dtp. 


Since we have chosen \tp\ > 1 one sees that the integral is always defined 
for z £ Hi . Moreover, F(z) is an analytic function in all variables. If 
now Imzj > 1 then {z; Im z x > 1} x C n_1 C G and hence one obtains 
F(z 1 ,...,z n ) = /(zj,...,z n ) for such points. So F(zi,...,z n ) is an analytic 
continuation of /. □ 

This example shows that in special situations every function, analytic in 
G, can be extended into a larger domain. Doing all extensions possible one 
might come to a situation where one obtains a domain which is a covering 
space over some parts of <D n . In such a case one is speaking of a Riemann 
surface. These considerations lead to the following 

III.1.2 Definition: 

(a) Let G be a domain in <D n . Then we denote by H(G) the smallest domain 
into which every function, holomorphic in G, can be analytically extended. 
H(G) might be a Riemann surface over <D n . H(G) is called the envelope of 
holomorphy of G. 

(b) The envelope of holomorphy of a domain is called “schlicht” if H(G) is 
again a domain in C n . 
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If G = H(G) then to every boundary-point there must exist a function 
which cannot be extended into a neighbourhood of this point implying that 
H{G) is a natural domain in the above sense. 

In C 1 every domain G is a domain of holomorphy which implies that 
Gi x G 2 x ... x G n c C n are also domains of holomorphy. In the above 
example Hf \ B we have seen that every function can be extended into 
Hf. But H+ is a domain of holomorphy Hy = H + x (D n_1 , so one obtains 
H(H+\B) = H+. 

The above example also shows that one finds the envelope of holomorphy 
of G by cutting all “noses” which are sticking into the domain G. The only 
difficulty consists in recognizing these noses. They can have complicated 
shapes because the typical structure of such a “nose” might only be realized 
after some bi-holomorphic transformation. Some of the properties of domains 
of holomorphy will be mentioned here without proof. 

III. 1.3 Lemma: 

(a) Let Gi,G 2 be such that G\ (Z (D n , and H(G \) = G\ and G 2 CL 
C m ; H(G 2 ) = G 2 . Then 

H(G 1 x G 2 ) = G iX G 2 C C n+m . 

(b) Let I be an index set and assume for a G I one has G a C <D n with 
H(G a ) = G a . Define G = {flae/ G a }°- Then it follows that 

H(G) = G. 

(c) Let a{, 6 € C with 53 l a »l 7 ^ 0,' then 

{z e Im aiZi + b) > 0 } 
is a domain of holomorphy. 

(d) Using (b) and (c) one finds that every convex open set in (D n is a domain 
of holomorphy. 

If / is an entire analytic function then it has a power series expansion, 
which implies that the polynomials form a dense subset of the set of all 
entire analytic functions. A corresponding result is true for the functions 
holomorphic in a natural domain. In order to describe this we set 

d(z) = distance of z from C n \ G 

and 

A(z) = min{l,d(z), ||z|| -1 }. 

Then the following result holds (without proof): 
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III. 1.4 Theorem: 

Define A(z) as above, and assume G = H(G). Then the set of functions 
f{z) holomorphic in G fulfilling the estimate 

\f(z)\ < cA~ n (z) 

for some c > 0 and some n G IN (these functions are called polynomially 
bounded) are dense in the set of all functions holomorphic in G. 

Here we refer to the topology of uniform convergence on compact subsets 
of G. As a consequence one can obtain the following results (without proof): 

III.1.5 Theorem: (Pflug) 

Let G\ C (?2 be two domains and suppose that every function f(z) holomor¬ 
phic in G\ and bounded by 


\f(z)\ < cA~ n (z ), 

for some c > 0 and n G IN, can be extended into G 2 ■ Then every function 
holomorphic in G\ can be extended into (? 2 - (Here A(z) is the generalized 
distance function belonging to the set G\.) 

This result is very useful since in several cases the envelope of holomorphy 
can be calculated by looking at tempered distributions. As an example of 
this statement one shows 

III. 1.6 Corollary 

Let G be a connected domain G C Et n and let T(G) = {z G C n ;Imz 6 (?}. 
Then 

H(T(G)) = T(Co G), 

where Co G denotes the convex hull of G. 

Proof. Without loss of generality one can assume 0 € G. If \f{z)\ < 
cA~ n (z ) then f{x) € <S'(Ht n ) and hence T r ~ 1 {f) € 5'(IR n ). Now the set of 
y € IR." such that e~^ p,y ^iF~ 1 (f) € <S'(IR n ) is convex (by Lemma II.1.2) and 
hence by Theorem II.1.3 f(z) is analytic in T(Co G). By Theorem III.1.5 this 
is true for every f(z) holomorphic in T(G). On the other hand by Lemma 
III.1.3 (d), T(Co G) is a domain of holomorphy since it is convex and hence 
H(T(G)) = T(Co G). □ 

Finally a result about functions of several complex variables has to be 
mentioned since it is often a tool in proofs. 
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III. 1.7 Proposition: 

Let G C <D n be a domain and H(G) its envelope of holomorphy. Let f(z) be 
a function holomorphic in G and hence in H(G) and assume that f(z)^w 
for z € G. Then one also has 

f{z)^w for all z£H(G). 


Proof: ( f(z) — w ) 1 is holomorphic in G by assumption and can therefore 
be extended into H(G). This implies that f(z) ^ w for all z € H(G). □ 

III.2 The edge of the wedge theorem 

In the theory of functions of one complex variable the following result is well 
known and easy to prove with help of the Cauchy integral formula. Let 

D + = {z; \z\ < 1 and Imz > 0}, 


and 

D~ — {z-,\z\<l and Imz < 0}. 

Assume that there are two functions f + ,f~ holomorphic in D + and Ir¬ 
respectively, and having continuous boundary values on the real axis which 
coincide for |x| < 1. Then there exists a function / holomorphic in the disk 
D with the property / = / + for z € D + and / = for z 6 D~. 

Generalizations of this theorem to functions of several complex variables 
are called edge of the wedge theorems. One should remark, however, that 
the real subspace of C n no longer splits © n into two parts. Therefore, it is 
necessary to replace the upper half-plane of © by some other object. Let 
C C 1R" be a proper, convex, open cone. T(C) denotes the tube 

T(C) = {ze © n ;Im z € C}. 

Such tubes will replace the upper half-plane. The edge of the wedge theorem 
now reads: 

III.2.1 Theorem: (Edge of the Wedge) 

Denote by B the ball 

and define Bq = B fi T(C) and B^ = B fl T(—C). Assume that f + {z ) and 
f~(z ) are functions holomorphic in B^ and Bq respectively with f + and 
f~ having continuous boundary values at real points jjxjj < 1, and that these 
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boundary values coincide. Then there exists a complex neighbourhood Af of 
]R n fl B and a function f holomorphic in B£, U Bq U Af such that 

f = f + on Bq and f — f~ on B^. 

The proof of this theorem will be divided into several parts. 

III.2.2 Lemma: 

Denote by K c 1R” the set {x;0 < x, < l,t = l...n} and by T(K) the 
tube with base K. Let f + (z) be a function holomorphic in T(K) and f~(z) 
a function holomorphic in T(—K ) = —T(K). Let A(z) be as defined in the 
last section and assume that 

I/*(*)! < 

for suitable c± and n ± . Moreover, assume that f + and f~ have continuous 
boundary values f + (x) and f~(x) which coincide. Then there exists a func¬ 
tion f(z) holomorphic in T(Co{K U — K}) with f(z) = f + (z) for z e T(K) 
and f(z) = f~(z) for z € T(—K). 

Proof. By Theorem II.1.5 f + (z) and f~(z) both have boundary values 
in the sense of tempered distributions. Hence f + (x) and f~(x) are both 
tempered distributions and so T~ l f + = T~ x f~ = g is also a tempered 
distribution. The set of y such that e~^ y ' p ^g(p) e S' contains {0}, K and —K 
by assumption, and hence by Lemma II.1.2 it follows that e~ ( ' y ' p ' ) g{p) G S’ 
for y e Co {K U —K}. Taking the Fourier transform of g and using Theorem 

11.1.3 one obtains the statement of the Lemma. □ 

By a suitable transformation of the last result one obtains 

111.2.3 Corollary: 

Let D + = {z e C; \z\ < 1 and Im z > 0} and define 

D+ = D + xD + x ... x D + 

(the n-th power of D + ) and D~ = — D+. Let f ± (z) be two functions holo¬ 
morphic in D+ and D~, respectively. Assume f + and f~ are both bounded 
and have continuous boundary values / ± (x). Then f + (x) = f~{x) implies 
that there exists a complex neighbourhood AT of the cube |x, | < 1 and a func¬ 
tion f holomorphic in Dff U D~ U Af which coincides with f + on D+ and 
with f~ on D~. 

Proof By the transformation 

e^ - 1 

z% — —--- 

e w < + 1 
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one obtains a bi-holomorphic transformation of the tube T(f K) of Lemma 
III.2.2 onto D+. Define g ± (w) = f ± (z(w)). Then g ± (w) is bounded and 
hence Lemma III.2.2 is applicable. One obtains the result by transformation 
of the last Lemma. □ 

Proof of the Theorem: Let yi,...,y n be n linearly independent vectors 
belonging to the cone C. Let xo £ B and choose a > 0 such that ||xo|| + 
INI < 1- Let D n (x o) = {x 0 + a2 A iVi] l^t! ^ 1}, and let D^(xo) be 
the same sets with A > 0 and A < 0 respectively. If now f ± are functions 
holomorphic in B ± which have continuous boundary values then f ± are 
bounded on JD„ (xo). Hence Corollary III.2.3 applies and we get a complex 
neighbourhood of xo into which / + and f~ can be extended and where these 
extensions coincide. Since xo was an arbitrary point the theorem is proved.D 
Theorem III.2.1 can be generalized in two different directions, first 

111.2.4 Corollary: 

Let G C IR." and G +, G C C" be domains. Denote by B a sets of the form 
B a = {z; ||x Q — z|| < r Q }. Assume there exists a family of balls B a ,a £ I 
and a family of convex cones C a ,a £ I subject to the following conditions: 

(a) B a fl IR" is a locally finite covering of G, 

(b) B a fl B@ ^ 0 implies C a fl Cp ^ 0, 

(c) B a r\T(C a ) C G + , 

(d) B a nT(-C a )cG-. 

Let f + and f~ be two functions holomorphic in G + and G~ respectively, 
and assume that f + and f~ both have continuous boundary values in G. If 
these boundary values coincide then there exists a complex neighbourhood H 
of G and a function f holomorphic in G + U G~ U Af which coincides on G + 
with f + and on G~ with f~. 

Proof. Apply III.2.1 to G + fl B a , G~ fl B a , and G fl B a . □ 

Up to now it has always been assumed that the two functions /+ and 
f~ have continuous boundary values. However, this is not necessary. One 
may replace continuous boundary values by boundary values in the sense of 
distributions. The corresponding statement will be made only for Theorem 
III.2.1, although it is also true for more general domains as in Corollary 
III.2.4. 

111.2.5 Corollary: 

Make the same geometric assumptions as in Theorem III.2.1, Let f + and 
f~ be two functions holomorphic in Bq and Bq respectively. Assume f + 
and f~ both have boundary values in the sense of distributions on B D ]R n 
and assume that these boundary values coincide in the sense of distributions. 
Then one has the same conclusion as in Theorem III.2.1. 
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Proof. Denote by B r the ball of radius r, B r = {z; j|zj| < r} and identify 
B with B\. Let g E V with supp g C B c nlR". Then f + *g and (where 
* denotes the convolution) fulfil the assumptions of Theorem III.2.1 for the 
ball J5i_ e . So there exists a function f g (z) holomorphic in Btc U B-_ e U 
Af(B i_ e fl 1R") which extends / + * g and f * g. In order to obtain the 
result one has to remove the test function g. Let r < 1. Then /+ and f~ 
axe distributions of finite order on B r PllR". Hence one obtains the estimate 
|(/ ± *5)( 2 )| < Hffllm for z E Bf_ e and some suitable norm ||.|| m on V. We call 
the analytic continuation of the common function (/ * g)(z) = f g (z). Then 
it has an analytic continuation into the envelope of holomorphy H(B^_ e U 
B r l e UAA(H r _ € nIR n )). This implies by Proposition III.1.7 the same estimate 
for f g (z), i.e. \f g (z)\ < c\\g\\ m for z E H(B+_ e U B-_ e UAf{Br- e mR. n )). CaU 
this domain T. Then we have an equi-continuous set of distributions F g (z,.) 
for z E r. But on Bf_ e one has F g (z,x') = F g (z — x') and this relation 
must be true on T by analytic continuation. Now F g (z ) is a distribution 
which satisfies the Laplace equation in Xi, yi and it is C°° in T and therefore 
also analytic. But for z € IR" it has the form (/ * g)(x) and by analytic 
continuation we conclude that there exists F(z) with F g (z) = (F * g)(z). 
This F(z) extends / + and /~ in r. Now taking r —>■ 1 and e —> 0 one 
obtains a function F(z) which is analytic in B 1 U B~ U Af(B fl IR"). □ 

III.3 The double cone theorem 

The theory of several complex variables is a powerful tool in quantum field 
theory, in particular for enlarging domains of analyticity. However, of in¬ 
terest in physics are usually the real points belonging to the envelope of 
holomorphy. Therefore one is interested in techniques for finding some of 
these real points. A result of this type is the double cone theorem. It will be 
represented in a very general form, which will be needed later. 

III.3.1 Notation: 

(1) Let C be a convex open cone in IR" and a,b E IR" such that b — a E C. 
Let D a> b denote the order interval 

D a , 6 = {a + C}n{b-C}. 

For t E C, D- t ,t will be denoted, for brevity, by D t . 

(2) Let Ci = {y E C; ||y|| = 1} and let r(x,y) be a function on D a ^ x C\ 
with r(x,y) > 0 which is lower semi-continuous. 

(3) Define: 

A + = {z = x + iy E <D"; x E Aj,&, y E C, and ||y|| < r(x , 

l|y|| 
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and 

A~ = {z = x + iy € C"; x € D a b , —y 6 C, and ||y|| < r(x, t—t)}. 

\\y\\ 

Since r is lower semi-continuous it follows that on every compact set this 
function has a minimum which is different from zero. 

III.3.2 Theorem: (Double Cone Theorem) 

Let G be a domain of JR n , and let Af{G) be some complex neighbourhood of 
G. Let T = A + UA~ UAf(G) and H(r) its envelope of holomorphy. Assume 
c,d € G such that d — c € C and c + X(d — c) e G for 0 < A < 1. Then 

d c4 c H(T) n it. 

See Fig l.a. 



Fig. 1. Enlargement of the coincidence domain for the double cone theorem. 

a. The shaded domain is the given coincidence domain, c and d are two points 
which are timelike to each other. The double cone is the enlargement obtained by 
the hyperboloids C(p, r, t ) with center at z = c + 

b. Analyticity domain in the t-plane and the curve for the Cauchy integral. 


Proof: This theorem is proved if it can be demonstrated for a family 
of convex open subcones C a C C such that to every direction in C there 
exists a subcone C a containing this direction. To this end let ex,..., e n be n 
linearly independent vectors belonging to C such that J2 e i = d — c. Then the 
subcone C a in question is the cone {X) A^e,; Aj > 0} and the corresponding 
order interval is 

D cj ={c + ^A iei ;0 <A* < 1}. 

Now the curve C(p, r, t ) given by the equation 

x(p,r,t ) = c + J^P^i + trJ^i l ~ Pi)ei ~ ~ ^ /x *' ei 
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defines a hyperboloid in the two-plane spanned by the three points c, d , and 
c + YL A L i e i- This hyperboloid has its center of mass at c + an d has the 

asymptotes c+Y2^i e i ~ a YLl J 'i e i and c+53Mi e i + a 5Z(l' _ Mi) e i respectively, 
where q£E. 

We now choose 0</Xi<l, 0<r<| and restrict t to the interval: 


2 r ^4r 2 ~ l ~ 1 ~ 2r + 

In this interval the function /x* + tr(l - fi t ) — |/Xj is monotone increasing in t 
and takes the values | — J\ - r 2 and \ + \J\ — r 2 at the end-points. This 

shows that in this interval C(/x, r,t) belongs to D^°j and that the end-points 
lie on the straight line connecting c with d. 

If we vary /x then the curves C(/x, r, t) cover all of ■ Moreover, 
Ima;(/x, r, t) belongs to C a if fi, r are real and Imf > 0. It belongs to —C a if 
Imt < 0. See Fig. l.b. 

Now we look at the intersection of the complex t-plane with the domain 
of holomorphy. Since A + and A~ are connected at the end-points of the 
f-interval one obtains a connected domain minus some cut on the real axis. 
This holds when /x, r are real. Since the domain of holomorphy is open one 
obtains a similar picture if one gives small imaginary parts to /x and r, e.g. 
a ring-shaped domain. Moreover, in the neighbourhood of r = | the cut in 
the domain disappears. Now let f(z) be holomorphic in A + U A~ U WG) 
and define g(fi,r,t) = f(x(fi,r,t)). Then g can be extended by the Cauchy 
formula 


G(/x, r, t) 



g(/f» r > t) 
T — t 


dr. 


This function is analytic in a domain without a cut and since the cut dis¬ 
appears in a neighbourhood of r = \ one has G(/x, r, t) = g(n, r, t ) for r 
close to |. Hence G is an extension of g. Since g depends only on the com¬ 
bination x(fi,r,t) this is also true for G. Hence F defined by G(p, r, t) = 
F(x((a, r, t)) defines an extension of /. By the edge of the wedge theorem we 
have analyticity in a full neighbourhood of G. Therefore we can deform the 
above Cauchy integral and obtain for F(x(p,r,t)) = G(/x, r, t) analyticity in 
a full neighbourhood of . This function defines an extension of /. □ 


Pixfic Tfeqi/txKHnixcxLf 



III.4 The Jost-Lehmann-Dyson representation 

Let V + denote the open forward light cone 
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V + ={i£ IR, n ;x = (xo,Xi, with xo > 0, and x 2 > 0} 

where x 2 = Xq - Yi" 1 x i- 

In applications of the theory of analytic functions to quantum field the¬ 
ory one often deals with the following situation. Let f + (z) and f~(z ) be two 
analytic functions holomorphic in T(V + ) and T(—V + ) respectively, and let 
G C !R n be a domain (which does not have to be connected). Assume f + 
and f~ have boundary values for y —> 0, as functions or as distributions, 
and further assume that these boundary values coincide for x € G. Then by 
the edge of the wedge theorem III.2.1 there exists a complex neighbourhood 
Af(G) of G and a function / holomorphic in T(V + ) U T(—V + ) U M{G) such 
that /+ and f~ are two different representations of /. Since / is holomor¬ 
phic in T(V + ) U T{—V + ) U A f{G) it is also holomorphic in the envelope of 
holomorphy of this set. This envelope will be denoted by H(G). 

For computing H(G) one can use the theorem of Pflug III.1.5 and calcu¬ 
late the analytic continuation only for functions which are “polynomially” 
bounded. However, such functions have boundary values in <S'(]R d ) (Theorem 

II. 1.5). These are / + and /~ respectively, which are Fourier transforms of 
tempered distributions having supports in V + and — V + respectively (The¬ 
orem II. 1.7). Such distributions have been investigated extensively. 

III. 4.1 Lemma: 

Let f be a tempered distribution such that supp T C V U —V where 
F denotes the Fourier operator. Then 

/GC oo (x, < S'(x 0 )) 

namely, f is a C°°-function in the variables X \,..., x„_i with values in the 
space of tempered distribution in the time direction. 

Proof: Since on F + and —V + one has jxo| > ||x|| it follows that there 
exists a C'°°-function 6(x) = 6(xo,x) which is bounded and has bounded 
derivatives with the property: 

(1 + Xq 4-x 2 ) = 6(x)(l + 2xq), x G V + U-V + . 

Now let /(xo,x) be a tempered distribution with support in V + U -V + . 

Then by the representation theorem for tempered distributions there exists 
a bounded distribution F(x o, x) and an m G IN with 

f(x o, x) = (1 + Xq + x 2 ) m F(x 0 , x). 
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Now take <p(x 0 ) G <S(H). Then for every n G IN 

(1 + xl + x 2 ) n f(x 0 ,x)tp(x 0 ) = (1 + xl + X 2 ) n+m F(xo, x)ip(xo) 

= b(x) n+m F(x 0 ,x)(l + 2x 2 ) n+m <p(x 0 ) 

is a bounded distribution since (l + 2a;o) n+m ip(xo) is in <S(1R). But this shows 
that f(xo,x)<p(xo) is in the space O c of Schwartz. Moreover, this expression 
depends continuously on <p(xo). 

This argument remains true if we replace x by p and / by T . 1 f. Going 

back to the configuration space by Fourier transformation one obtains that 
(f,ip(x o)) G O m i.e., in the space of tempered C°°-functions. Clearly then 
(/, <p(xo))(x) is a C 00 -function for every ip G S depending continuously on 
ip. But this is equivalent to the statement of the Lemma. □ 

This last Lemma has been proved in order to prepare the following 

III.4.2 Theorem: 

There is a one to one correspondence of the following two sets: 

(1) Tempered distributions f on ]R n with the property: 

supp F~~ 1 f C V + U — V + . 

(2) Tempered distributions F(xo,Xi, ...,x n ) on ]R n+1 with the properties: 

(a) F(x 0 ,xi, ...,x n ) is even in the last variable x n . 

(b) F(x 0 ,Xi,...,x n ) satisfies the wave equation 

{~dxl + ^ = o. 

The correspondence is given by the formula 

f ( xq , •••) x n — i) = F(x o,..., x n —\ , 0) 

or by 

F(x o, f)(p) cos x n ^/p 2 }. 


Proof: Assume / is given with supp F~ l f c {p',p 2 > 0}. Since the 
function cos A depends only on A 2 it follows that cos x n \fp* is a C°°-function 
in all variables. Moreover, on the set {p\p 2 > 0} it is polynomially bounded 
together with all its derivatives. This shows that (F~ 1 )(p) cos Xn^/p 2 is a 
well-defined tempered distribution in all variables. Moreover, it is even in 
x n - Differentiating the cosine twice one obtains 

(. V 2 + ^){^ X f){v) cos x n \f^ = 0. 
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Now define F(x o,..., x n _i, x n ) as the partial Fourier transformation with 
respect to the variables p, hence 

•Fir."{ 1 f)(p) cos x n } 


satisfies the wave equation 


9 

dx 2 0 + 



0 . 


Since the Fourier transform of F has its support on {(p,p n );p 2 — p 2 = 0} 
one can apply Lemma III.4.1 and put x n = 0. Since the defining formula for 
F is continuous in x n one is allowed to put x n = 0 in this expression. One 
obtains F(x 0 ,x i, ...,x„_i, 0) = f(x 0 , x n _i). 

On the other hand assume that F(xo, Xj,..., x n _x, x n ) is a function which 
satisfies the wave equation, and define f(x o, ..., x n _!) = F(x o, Xj,..., x n _j, 0). 
Then one finds 

(•^]R n / ) (Po ) • • • i Pn—1) — f<& + 1 F)(po,...,Pn-l,Pn)dp n - 

This expression is well-defined since F m l +l F has compact support in p n for 
every p 0 , ...,p„-i € Fl n . Since TF has its support on {(p,p n );p 2 ~P 2 = 0} 
one finds supp C V + Li—V + . So it remains to show that the restriction 

to the subspace x„ = 0 is one to one for such F which are even in the last 
variable. Assume Fi,F 2 are two solutions of the wave equation which are 
even in x„ and whose restrictions to x„ = 0 coincide. Then we have to 
show that Fi = FY Let F = F x — F 2 . Then F\ Xn=0 = 0. F is even in the 
last variable which implies -§^\ x „=o = 0, and hence by the wave equation 
D l F |* n =o = 0. It remains to show that from this one can conclude that 
F — 0. This will be done in a separate lemma. 

III.4.3 Lemma: 

Let F £ <S'(IEl n+1 ) be a solution of the wave equation and assume that 
D 1 F{x o,0) = 0 for |xq| < 1 for all multi-indices i. Then one has 


F(x o ,x) = 0 for |x 0 | + ||xj| < 1. 


Proof: By Lemma III.4.1 the quantities appearing in the lemma are well- 
defined. Convoluting with a test function in xo having support in |xo| < f 
one can restrict attention to C°°-functions. If the result is true for such 
functions one obtains the general result by letting the test function tend to 
the ^-function. 
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First assume that G(t/i, y n , * 1 , •••, x n ) is a G 00 -function of 2n variables 
satisfying the equation 


n *2 n fl 2 

d Vi h dx i 


Let G(p,q) denote the inverse Fourier transform of G. Then G(p,q) = 0 
unless p 2 = q 2 . Hence one obtains: 

J f(p 2 )G(p,q)dpdq = j }{q 2 )G(p , g)dpdg 

for any G°°-function f belonging to O m which is the space of functions that, 
together with all their derivatives, are polynomially bounded. Taking the 
Fourier transformation of this equation one obtains 

/ /(x 2 )G(0,x)dx = J f(y 2 )G(y,0)dy 

provided / is a strongly decreasing distribution. One obtains the connection 
with the above problem by assuming that G depends only on y\ and not on 
y 2 ,...,y n . Denoting t/i by a: 0 and identifying G with D l F one obtains 

J f(x 2 )D i F(0,x)dx = 0 

provided supp / C {x 2 < 1 — e}. By partial integration one finds 

J {D i f(x 2 )}F(0,x)dx = 0 

for any multi-index i and any f(x 2 ) with the above support restriction. Since 
^7 = 2 Xi it follows that the distributions of the form D l f(x 2 ) are dense in 
the set of distributions with support in {x 2 < 1 —e}. From this one concludes 
that jF(0,x) = 0 for x 2 < 1 — e. Taking now the limit e —> 0 and changing 


the origin of the xo-axis one has F(xo,x) = 0 for |xo| + ||x|| <1. □ 

Proof of the theorem (continued): We had concluded D l F(x o, 0) = 0 
for every multi-index i. Hence by the last lemma we obtain F(x o,x) = 0. 
Thus the map jF(xo, xi, ..., x n _i, x„) -4 F(xo, xi,..., x n _i, 0) is unique if F 
satisfies the wave equation and is even in the last variable. □ 

To simplify the writing let us introduce the following 

III.4.4 Notation: 

(a) Let V + , V + be the forward light-cones in ]R n and lR n+1 respectively. 

(b) A domain G in 1R" is called order convex if it fulfils the identity 

G = {G + V + } n {G — V + }. 
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(c) Let G be an order convex set in ]R n . We denote by G the following set 
in lR n+1 ; 

d = {G + v + }n{G-v + }. 

(d) Let G be a set in 1R". We set 

G' = {y; = (x — y) 2 < 0 for all x e (?}. 

(e) A domain G is called a Jost-Lehmann-Dyson domain (in brief a J.L.D.- 
domain) if 

a. G is order convex and 

(3. there is a spacelike hypersurface £, 

£ CGUG' c IR n+ \ 


which can serve as surface for the initial-value problem for the whole of 
JR n . 

(f) D(xo,...,x n ) denotes the Green function of the wave equation in n + 1 
dimensions, i. e. D is a solution of the wave equation which is odd in *o such 
that D( 0, x) = 0 and -§^D( 0, x) = S(x) which implies (e(A) = sign (A)) 

D(x o,x) = T{e(po)5(pl - (p) 2 )}. 


Remark: 

At this point it should be remarked that the set G' is automatically closed 
when G is open. This can be seen as follows: Let x n be a convergent sequence 
in G' with limit x. Prom (x n —y) 2 < 0 for all y 6 G one has (x—y) 2 < 0 for all 
y € G. Assume there is y € G with (a: — y) 2 = 0. Since G is open there exists 
an e > 0 such that y + B e C G. Now let no be such that x — x n € B e / 2 for 
n > no- Then one has y—(x—x n ) € G and (x n —y+(x — x n )) 2 = (x—y) 2 = 0 
contradicting the construction of G'. Hence G' is closed. With the above 
notation one obtains the following important result: 

III.4.5 Theorem: (Dyson) 

(a) Let G be a J.L.D. domain in IR n and denote by K(G) the set of distri¬ 
butions f € <S'(JR n ) with 

(a) supp T~ x f C V + U -V + . 

(f3) f(x) — 0 for x € G. 

(K stands for commutator function). 

(b) Denote by Vy(G) the set of distributions if) 6 <S'(IR n+1 ) with 

(a) ip = ip(x o,x) is strongly decreasing in xq. 

(P) supp ip c G'. 

( 7 ) ip(xo,...,x n ) is even in x n . 
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Then the linear map from T>y(G) to K{G), given by the formula 
A(lp) = (D * 1 p)(x 0 , ..., X n -1, »n)|„, n=0 ) 

is surjective. 

Proof. The Green function D vanishes for x 2 < 0 which means it has, for 
fixed xq, compact support in x. Hence D* ip is well-defined if ip is strongly 
decreasing in xq. If ip £ Vy(G) then it follows from the support properties 
of D that D * ip vanishes in G" D G and consequently its restriction to 
x n = 0 vanishes in G and hence A(ip) £ K(G). It remains to show that 
the map A is surjective. Let / € JC(G). By Theorem III.4.2 there exists 
an element F £ 5'(1R" +1 ) which is even in x n and which fulfils the wave 
equation such that F(xo, ..., x n -i, 0) = /. Applying Lemma III.4.3 one finds 
that F vanishes in G since the order convex hull coincides with the union 
of the order intervals between all pairs of G. On the other hand since F 
satisfies the wave equation one can solve the Cauchy initial value problem 
with respect to any spacelike hypersurface S and obtain (x £ IR n+1 ) 

2 V 

Notice that G was order convex by assumption. Consequently G is also order 
convex. In this situation G and G' intersect in a (n + 1) — 2 dimensional 
manifold. Now One chooses a spacelike surface containing this intersection. 
Then the points in S belong either to G or to G'. Since F vanishes on G it 
follows that 

F ( x )= J Efo* - ~ ^%r^ F(yj\d<T»( y ). 

2n G' M 

The integration over the manifold E f] G' can be viewed as integrating dis¬ 
tributions having support on E (1 G'. So one obtains 

F(x) = J\p{x - y)ip l {y) - ^ ^ dy. 

G' M 

Integration by parts gives 

F(x) = J D(x - y)ip{y) dy 
S' 

with 
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v> = v» x + X] 

M 


A ,2 

dy^' 


□ 


Remark: 

These formal manipulations are justified if £ is a smooth manifold. For 
more general situations one first has to convolute the initial function f by 
test functions <p with compact support in order to obtain smooth functions. 
Having done this one takes at the end the limit with <p tending to the <5- 
function. 

As a consequence of the last theorem one obtains: 

III.4.6 Corollary: 

With the notation of the last theorem every distribution f G TC(G') vanishes 
in G — G" fl {x]x n — 0}, or in other words, 

K(G) = K{G). 


Proof: Suppose / G K,{G). Then there exists ip G C(G) with / = A(ip). 

But D*ip vanishes in G" and hence / vanishes in G" D {x; x n = 0}. □ 

The starting point was two functions f + ,f~ holomorphic in T(V + ) 
and T(-V + ) respectively. These functions are supposed to be polynomi- 
ally bounded in these domains and it was assumed that the boundary values 
coincide on some coincidence domain G. If we assume that G is a J.L.D. 
domain then f = f + — f~ is a function belonging to K,(G) and thus has the 
representation described in Theorem III.4.5. In order to obtain /+ one has 
to cut / in momentum space because (^ 7_1 / + )(p) = on V + \{0}. 

By doing this cutting one obtains f + up to a distribution with support at 
the point zero. As a consequence: 

III.4.7 Theorem: 

Let G be a J.L.D. domain. Denote by K, + (G) the set of f + G <S'(lR n ) with 
(a) supp iF~ 1 f + C V + . 

(/ 3 ) there exists f~ G <S'(IR”) with supp J 7 " 1 /" C — and f + (x) = f~{x) 
for x G G. 

Then there exists a distribution ip G Vy{G) with 

f + = A + (iP) + P(x) 

where P(x) is a polynomial and A + (ip) is defined by the formula 
A + (ip) = (D + * ip)(xo, ..., x n _i, 0) 

Pufic TVty.ltc.1 
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where D + (x) = F{0(po)S(p 2 )} is a positive energy solution of the wave 
equation in H n+1 . 

Proof. Notice / + — f~ fulfils the conditions of Theorem III.4.5. Hence 
there exists ip G Dy(G) with f + — f~ = A(ip). Let F = D * ip. Then one 
obtains 

T- X F = e(p 0 )S{p 2 )(F- 1 iP)(p) 

and hence 

F~~ l U + ~ f~) = J dp n e(po)6{p 2 )(F^ip)(p). 

Doing the cutting one finds 

T -if+ = J dp n 0ip o )dip 2 )(F- 1 iP)(p) + u ^ 

where u S n is a distribution with support at zero. Taking the Fourier trans¬ 
form of this it becomes 

/+ = (D + *ip)(x o, 1,0) = A + (ip) + P(x). □ 

Let G be a J.L.D. domain. Then, according to the remark at the be¬ 
ginning of this section, one can compute H(G) = envelope of holomorphy 
of T(V + ) U T(—V + ) U Af{G) by determining the domain of analyticity of 
all functions of the form A + (ip) with ip G T>y(G). To this end one has to 
know the function D + . It is invariant under Lorentz transformations, hence 
one obtains D + (x) = g(x 2 ). Since it has an analytic extension into the for¬ 
ward tube T(F + ), g(x 2 ) must be a function analytic in the cut complex 
x 2 -plane where the cut runs along the positive real axis. Now the function 
{(a: + iy ) 2 }~( n ~ 2 )/ 2 satisfies, for fixed y, the wave equation and has the same 
analyticity properties as D + (x + iy). So one concludes that D + (x) has a 
singularity on the manifold (a; + iy ) 2 = 0 . 

On the other hand G is contained in 1R". Therefore G is symmet¬ 
ric around the subspace x n = 0. Furthermore, with (x 0 ,..., x n ^i,x n ) also 
(xo,...,*n-i ) Ax n ) belongs to G for ||A|| < 1. This in turn implies that 
if (xq, ...,x n -i,x n ) G G' then also (x 0) —, ®n-i, px n ) G G' for all p with 
\p\ > 1. Therefore one obtains the following characterization of H(G). 

III.4.8 Theorem: 

Denote by h(u) for u G JR " +1 the complex manifold 

7l~l 

h(u) = {z G C"; (z 0 - u 0 ) 2 - ~ u i ) 2 °}- 

1 

Let G be a J.L.D. domain and let 
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H(G) = envelope of holomorphy of T(V + ) U T(—V + ) U Af(G) 

where J\f(G) is a complex neighbourhood of G obtained by the edge of the 
wedge theorem. Then 

H(G ) = <D n \ (u{/i(u); u e G'}) 
where the bar indicates the closure of the set. 

Proof: Denote by u the vector (uo, ...,u n -i) so that u = (u,u n ). Then 
the function {(z — u) 2 — u£}~ x has a singularity on h(u). Therefore, C n \ 

^U{/i(u);u e G'}j = H is a domain of holomorphy. For z in T(V + ) or 

in T(—V + ) one has (z — u) 2 — u„ ^ 0. Moreover, for u e G' and x e G, 
one has (x — u) 2 — u„ ^ 0, so that H contains T(V + ),T(—V + ) and G, and 
hence H D H(G). Following the arguments at the beginning of this section it 
remains to show that every / + € K. + (G) has an extension into H. But from 
the representation Theorem III.4.7 of such functions and the structure of 
the function D + one knows that / can be extended at least into the points 
C n \ U{z;(z — u) 2 — u 2 ri — p,p > 0}. However, this set coincides with H 
according to the special structure of G'. So we get H = H(G). □ 

III.5 Some consequences of the Jost-Lehmann-Dyson 
representation 

Not every coincidence domain of the edge of the wedge problem is a J.L.D. 
domain, which means that it is not possible to compute the envelope of 
holomorphy for every edge of the wedge problem. On the other hand every 
coincidence domain contains J.L.D. domains whose envelopes of holomorphy 
are known. One should use this knowledge in order to obtain parts of the 
envelope of holomorphy of the general edge of the wedge problem. For appli¬ 
cation to physics one is mostly interested in the real points of the envelope 
of holomorphy and therefore our attention will focus on these. 

We will apply the double cone theorem, which is a local result. Conse¬ 
quently it also can be used if the cone, on which the double cone theorem 
is based, changes from point to point. We start with the tube based on the 
light-cone and use the Jost-Lehmann-Dyson-representation for some J.L.D. 
domain. By this we obtain locally an enlarged cone which one is able to 
compute because the boundery of the J.L.D. problem is known. However, in 
order to make the investigation transparent we will restrict ourselves to the 
case where G is the spacelike complement of the double cone D t . 

Recall that the solution of the edge of the wedge problem in C n is closely 
related to the solution of the wave equation in ]R n+1 . For simpler notation 
we denote in this section the last coordinate by m so that one has 
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h(u, m) = {z £ C n ; (z - it ) 2 - m 2 = 0}. 

For computing the envelope of holomorphy we need the set G' which is in 
our case the set D t x ]R. For the investigation we introduce the 

111.5.1 Notation: 

Let H(D ' t ) be the envelope of holomorphy for the edge of the wedge problem 
for the coincidence domain D' t . For x £ H” put 

I x = {ye IR"; x + iye H(D' t )}. 

Our first aim is to characterize the sets I x . 

111.5.2 Lemma: 

The set I x has the following properties: 

(i) y £ I x implies that there exist two neighbourhoods U x of x and U y of y 
such that 

y' € I x >, 

provided y' £ Ll y and x' £ U x . 

(ii) y £ I x implies -y £ I x . 

(iii) V+Cl x . 

(iv) If x £ Dt and y £ I x then one has y 2 > 0. 

(v) Ifyel x , then it follows that 

Xy € I x for A £ 1R and 0 < |A| < 1. 

(vi) If x £ H(D[), then I x contains a neighbourhood of zero in It". 

Proof: (i) This is due to the fact that H(D[ ) is open in C". 

(ii) This follows from invariance of H(G ) under complex conjugation. 

(iii) By assumption the tube T(V + ) belongs to H(D' t ). 

(iv) Since Dt C G' one has (x,0) £ G'. Hence —y 2 - m 2 ^ 0 for all m £ It. 
This is only possible for y 2 > 0. 

(v) If y is timelike then the statement is true since the interior of the forward 
and backward hght-cone always belongs to I x . Assume now y 2 < 0 and 
y € I x - Then for each u £ D t at least one of the two conditions must be 
fulfilled: Either (x — it) 2 — y 2 < 0 or (x - u, y) ^ 0. Since y 2 < 0 these 
relations remain true if we replace y by A y with 0 < |A| < 1. 

(vi) If x £ H(D' t ), then {0} £ I x and (vi) follows from (i). □ 

Since I x has the property that if y £ I x then At/ also belongs to I x for 
0 < A < 1 we can characterize I x as follows: Let ||j/|| = {^"7 0 X y 2 } 1,/2 and 
define 
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and 


a x (y) = sup{A; y € E x , and Ay € I x }. 

Then one has for x $ H(D' t ) 

I x = {Ay; y € E x and 0 < A < cr x (y)}. 

If x € H(D' t ) then one has 

Ix = {Ay; y € E x and 0 < A < cr x (y)}. 

In order to characterize I x we have to characterize the set E x and the function 
cr x {y). But since we intend to apply only the double cone theorem we only 
need the structure of the sets E x . The situation will become easier if we 
replace the sets E x by the sets C x which are defined as follows 

111.5.3 Definition: 

We denote by C x the sets 

C X =\J A E x 

A>0 

= {y € IR" \ {0}; 3A > 0 such that Ay e I x , } 

The structure of these sets is given in a sequence of three lemmas. We 
start with 

111.5.4 Lemma: 

For x € D' t one has 

C x U {0} - TR n . 


Proof : This follows from D' t C H(D' t ) and Lemma III.5.2 (vi). □ 

Next consider points belonging to D t . 

III.5.5 Lemma: 

Let x € D t . Then we have 


C X = V + U{-F+}. 


Proof: If x £ D t then all hyperboloids h(x,m),m > 0 with center in x 
belong to the complement of H(D[). But these contain all y with y 2 < 0. □ 
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It remains to investigate the complement of Dt U D' t . This consists of 
three parts, the points ( x,t ) > 0, (x,t) < 0 and ( x,t) = 0. The latter part 
is the intersection of the boundaries of Dt and D[. Because of symmetry it 
is sufficient to study the elements in the part (x,t) > 0. 

In order that a point y belong to I x it is necessary that for every u £ D t 
at least one of the two conditions be fulfilled: Either (x — it ) 2 — y 2 < 0 or 
(it — x, y) 0. Therefore y belongs to C x if for every it E D t at least one of 
the two conditions, either (x — u) 2 < 0 or (u — x, y) ^ 0, holds. If a point 
u E Dt is not spacelike with respect to x then the second condition must be 
fulfilled. Therefore we introduce 

III.5.6 Definition: 

For x E ^{—t + V + } \ Dt'j (~l (^(x, t ) > 0^ the set P x is defined as follows: 
Px = {(z - u); (x — u) e V + \u E Dt}- 


See Fig. 2. 

P x is the intersection of two convex sets and hence it is again convex. 
In addition, this set is compact. If y E I x then we have (x - u) 2 > 0 for 
(x — u) E P x - Hence (x — n, y) must have only one sign if (x — u) varies over 
Px. 



Fig. 2. The construction of the set P x . The shaded set is x - P x . 

These remarks lead to 

III.5.7 Lemma: 

For x E ^{—t + V + } \ Dtj D (^(x,t) > 0^ the set C x is the union of two 
convex cones C x and —C x with 

C x = {y E 3R n ; (it - x, y) > 0 V (u - *) 6 P x }. 
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Proof: First note that for the points under consideration the set P x is not 
empty. If y £ C x then for u £ D t but u 3 x-V + we have (x — u) 2 < 0. Hence 
for (x - u) £ P x we must have (x — u,y) ^ 0. Therefore, by compactness of 
P x , we have inf \(x — u, y)| > 0. Defining C x as the set of those y for which 
the scalar product is positive we find the stated result. Since P x is convex 
we see that C x is a convex and open cone. □ 

Now we want to define the cone C x for arbitrary points. 

III.5.8 Definition: 

We define: 


C x = 


]R n , 

^ + , 

< {y,(x -u,y) > 0, 
V (x - u) £ P x } 


C(~x) 


if x £ D' t , 

if x £ D t , 

if x £ {-t + F + } \ D t , (x, t) > 0, 
if x £ {t - F + } \ D t , (x, t ) < 0. 


As a consequence of the characterization of the cone C x we observe 


III.5.9 Proposition: 

With the exception of points belonging to the boundary of D' t the cone C x 
depends continuously on x. 

Proof: If x e D' t then C x — IR" is constant. If x £ D t then C x = V + . 
If x £ {—t + F + } \ D t then C x = {y, (x - u, y) > 0 Vx - u £ P x . Since 
the intersection of D t with x — V + changes continuously with x provided x 
does not belong to the boundary of — t + F + one sees that P x and hence also 
C x changes continuously with x. By symmetry the argument also holds for 
points in t - V + . This shows that we only have a discontinuity if we cross 
the boundary of D' t . □ 


III.6 Applications: A hole in the spectrum 

The technique developed in the last section will now be applied to a special 
situation. The coincidence domain will consist of two parts. G\ will be the 
spacelike complement of the double cone D t and G will be a double cone 
■Da,6> b — a £ V + in the complement of D' t . Because of the symmetry of 
the problem we can assume without loss of generality that D a , b c -t + V+. 
We shall compute the enlargement of G which is enforced by the domain of 
holomorphy H(D' t ). This result will be used in section 4 of the next chapter. 
In order to obtain the desired result, we have to compute the cones C x given 
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by H(G i), and afterwards we have to apply the general version of the double 
cone theorem III.3.2 to the boundary of the domain G. 

Before we can apply the results of the last section we need a formulation 
of the double cone theorem useful for our purpose. 

III.6.1 Theorem: 

Assume for the edge of the wedge problem that we have the coincidence- 
domain D' t UG with G C {-t + F + }. Let x be a boundary-point ofG. Assume 
that for every neighbourhood U t the two sets U € nGnC x and U* fl G D —C x 
are not empty. Then the envelope of holomorphy contains a neighbourhood 
of the point x. 

Proof : From proposition III.5.9 we know that the cone C x depends con¬ 
tinuously on x. Hence there exists a neighbourhood U of x such that, with 
Cu — {^xeuCx }°, the two sets li t C\GC\Cu and U € ft G D —Cu are not empty. 
This implies that we can find points u,v such that u E (x — Cu) n Id (1 G 
and v E (x + Cu) ^\U C\ G and moreover, these two points are connected by 
a Cy-timelike curve which lies completely in G. Applying the usual double 
cone theorem (Th. III.3.2) to this situation we see that x belongs to the 
envelope of holomorphy. □ 

More colloquially, this result can be formulated as follows: The boundary 
S of H(Gi UG)n lR n must, at any point x E S, be “spacelike” with respect 
to the local cone C x . 

For the formulation of the main result of this section we need some no¬ 
tations. 

111.6*2 Definition: 

With the assumptions of this section let 

(i) 

F = {(u, m) E D t x IR; h(u, m) n D a ^ b = 0}, 

(ii) 

Go = IR" \ {h(u, m); (u, m) e F}~ 

(iii) and G = connected component of Go containing D aj b- 
Remark: 

If we look at IR" \ {h(u, m ); (u, m) G F}“ then, depending on the size of 
D ai b, this set has two or three components. One of them is D' t for which 
we have used the J.L.D.-representation. The second component belongs to 
— 1+ V + and it contains D a<b . This is the set we denoted by G. If D ab is large 
enough then there appears a third set which lies in t - V + . It is not known 
whether this third set also appears in case one would be able to compute the 
envelope of holomorphy. We will only look at the set G. Our result is: 
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III.6.3 Theorem: 

Let G x = D[ and G = D a ,b C {—t + V + } then the envelope of holomorphy of 
the edge of the wedge problem with coincidence-domain D' t U D a ^ contains 
the real points G. 

Proof : If G C D t then C x = V + and hence there is no enlargement by 
the double cone theorem. In this case it is in accordance with G — G. 

For the general case we remark first that an enlargement beyond G is 
impossible, since its boundary is given by a family of hyperboloids which do 
not enter G x and G. 

In order to show that the statement of the theorem is correct, we will 
construct an interpolating family of domains G\ 0 < A < 1 , with G x = G 
for A < Ao, and G 1 = G. This family will be increasing: G x C G x ' for A < A' 
and it will depend continuously on A: 

G x = U G x 

G x = n G x . 

Now we will show that for A < 1 the domain G x can be enlarged beyond 
every boundary-point which is not already a boundary-point of G. Analytic 
continuation through every boundary-point which does not he on the final 
boundary implies that we have analyticity in G x for some A' > A. From this 
we obtain by induction that G 1 = G belongs to the domain of holomorphy. 

We define G x similarly to G. We take more hyperboloids, namely those 
whose centers are situated in D t /y. 

G x = connected component of TR n \{h(u,m)-,u G D t /\i h(u, m) f]D a ,b = 0}. 

Connected component means again the component containing D a Since 
D t /\ increases with decreasing A it follows that G x increases with A. More¬ 
over, since t is timelike there exists A 0 such that b G D t /\ 0 , and hence 
D a ,b C D t /x 0 • In this case one has G Xo = G. 

If x G dG x then there exists u G D t /\ and m G IR with x G h(u,m). 
By the definition of G x this hyperboloid must contain one of the two points, 
either a or b. This allows us to separate dG x into two parts, namely: 

d + G x = {x E dG x -,x & h{u, m) and b G h(u , m) 
for a suitable (u, m) G D t /\} x IR}, 
d~G x ={iG dG x ; x G h(u , m) and a G h(u , m) 
for a suitable (u, m ) G D t / A } x IR}. 

If a: € d + G x then we can find the origin of the hyperboloid h(uo,m) 
passing through x and b. Since both points are on the same hyperboloid 
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we have (x — uq ) 2 = (b — uo ) 2 = m 2 . Suppose that Sx and Su are small 
variations such that Sx G —V + and Su is such that uo + Su E D t / Then 
we have (xo + Sx - u 0 — Su) 2 ^ (b — u 0 — Su) 2 . This equation implies 
2(x — uo, Sx) — 2(x — b, Su) + (Sx) 2 - 2(Sx, Su) ^ 0. Since (a? - u) £ V + we 
conclude by the choice of the variations that (as — 6 , Su) > 0. This implies that 
uo is a supporting point of the set of all possible points u 0 with respect to 
the hyperplane perpendicular to x—b. This set in question is D t /\C\(b—V + ). 

There axe two cases: First, x - bis lightlike, then b,x,uo lie on the same 
light-ray in b — dV + . In this case uq is not unique, but we may choose it 
in t 1 -. Second, if as — 6 is spacelike then the hyperplane perpendicular to 
x — b contains a timelike vector which means that the supporting point uo 
is unique and it lies in t 1 -. 

Let us denote by s(x) the tangent vector at h(uo,m) which lies in the 
two-plane through the points b,x, and ti 0 . Then uq is a supporting point 
also for the hyperplane perpendicular to s(x). Thi s one sees as follows: In 
the first case because (x — uq) and s(x) are both lightlike, and in the second 
case because the supporting hyperplane is not unique. This means if we 
choose the direction of s(x) such that the angle between s(x) and x — b is 
small then we find that ( s(x ), x — u) > 0 for all u 6 D t / X D (b — V + ). 

If x does not already belong to d + G then uq does not belong to D t . In 
this case (s(x), x — u) > c > 0 for all u € D t Pi (b — V + ) and hence s(x) 6 C x , 
and by the double cone theorem there exists an extension beyond the point 
x. With the same technique we also find that one can extend beyond the 
points of d~G x provided they do not belong to G. With this technique we 
do not get an enlargement beyond the point lying on d + G x Dd~~G x . Beyond 
these points we obtain the continuation by applying the double cone theorem 
directly. This is possible, since at such a point both tangent hyperplanes enter 
into the cone C x provided x is not a final point. This proves the theorem. □ 

III. 7 Notes and remarks 

(1) There exist many textbooks on the theory of functions of several com¬ 
plex variables. It is impossible to fist all of them. A representative selection is 
Behnke and Thullen [[BT]], Bochner and Martin [[BM]], Vladimirov [[Via]], 
Hormander [[Hor]] and Gunning and Rossi [[GR]]. For a domain G C €" to 
be a domain of holomorphy we have required that to every boundary-point 
zq one can find a function holomorphic in G which cannot be extended into 
a neighbourhood of z 0 . From this one can deduce that there exists a function 
which has G as its domain of definition, or in other words this function can¬ 
not be further extended into any neighbourhood of any boundary-point. For 
constructing enlargements of a given domain the method of cutting “noses” 


~PuJi.c. Tfani/textattcn/ 



87 


entering into the domain is extensively explained in [[BM]]. Modern text¬ 
books prefer the concept of holomorphic convexity introduced by Cart an 
und Thullen [CT] or the closely related concept of pseudo-convexity, see 
e.g. [Bre54,56]. These concepts are consequences of the result in Proposition 
III. 1.7. 

The density theorem for polynomially bounded functions is relatively 
modern and can be found in [Pf74j. This result is a final step in a long 
chain of density results. The conclusion by P. Pflug which can be found in 
[Pf82] is extremely useful, at least for situations appearing in physics, since 
one can make use of other branches of analysis for computing envelopes of 
holomorphy. 

For the tube theorem (Corollary III. 1.6) there exist a large number of 
different proofs. There is a proof due to Stein [Ste] showing that by “cutting- 
noses” also one can obtain this result. It might be worthwhile to mention 
summer school lectures on the theory of several complex variables which are 
designed to give an introduction for physicists. Examples are the lectures of 
Wightman [Wi60] and Epstein [Ep65]. 

(2) The “edge of the wedge” theorem was found by Bremermann, Oehme, and 
Taylor [BOT]. A simplified proof is due to F. Browder [Brow]. The situation 
treated in this section is called the opposite edge of the wedge problem. The 
general situation, where the two tubes in question are not opposite, has been 
treated by Epstein [Ep60]. 

(3) Every domain of holomorphy in C n has to fulfil some convexity condition, 
which is called pseudo-convexity. If now such a domain of holomorphy has 
an intersection with JR n then one can expect that this intersection has also 
to fulfil some convexity criterion. The double cone theorem is of this nature. 
The first proof of this result was given by Vladimirov [VI] and independently 
but a little later by the author [Bch6l]. If the tubes which appear in the 
double cone theorem are based on the forward light-cone, then this tube is 
invariant under the map z -» ^#. By this transformation the double cone 
can be mapped onto the forward light-cone. For the invariance-group of the 
forward tube see e.g. J. Bros [Bros]. 

(4) With the Jost-Lehmann-Dyson representation one has hit on an ex¬ 
tremely fortunate situation. All attempts to generalize this method to other 
cones appearing in physics have been without sucess so far. The reason for 
this failure was the fact that it led to an overdetermined system of differ¬ 
ential equation for which the Green’s function method does not lead in the 
complete solution. The Jost-Lehmann-Dyson representation in the form pre¬ 
sented here is due to Dyson [Dy]. Jost and Lehmann have solved a special 
case [JL] but with a different method. The Jost-Lehmann-Dyson representa- 
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tions deal only with a special family of functions. Therefore it was not clear 
at that time whether this representation leads to the envelope of holomor- 
phy of the corresponding edge of the wedge problem. That this was indeed 
the case was proved by Bros, Messiah and Stora [BMS]. Nowadays we can 
conclude this directly from the result of Pflug [Pf74]. Lemma III.4.3 is called 
Asgeirsson’s mean value theorem [Asg]. A detailed discussion of this result 
can be found in Courant and Hilbert [[CH]]. Theorem III.4.6 is also known 
by the name “reentrant nose theorem”. 

(5,6) The techniques presented in these two sections have been developed by 
the author. The first presentation of these results can be found in [Bch85]. 
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Chapter IV 


Locality Condition and the Spectrum of Translations 

In this chapter we want to look at the interplay between the spectrum and 
the locality conditions. It is our aim to deduce some consequences for the 
translation group. We will mainly use the techniques described in the last 
chapter. 

However, we first have to describe a method which connects the matrix 
elements of the translation group with expectation values of products of local 
observables. This is done in the first section. If there exists a one-parameter 
symmetry group and if the group representation fulfils the spectrum condi¬ 
tion then, as we have seen in II.4, there exists a unique minimal represen¬ 
tation of this group. In higher dimensions, however, such a result need not 
be true unless the algebraic structure of the C*-dynamical system and the 
shape of the spectrum fit together. In section 2 we will show that the locality 
condition is such an exceptional case if the cone in question is the light cone. 

That this unique minimal representation has remarkable features will be 
shown in the third, the fourth, and the sixth sections. In section 3 we show 
that the support of spectrum of the translations is always a set which is in¬ 
variant under Lorentz transformations. This is also true if the Lorentz group 
is not a symmetry of the theory. This shows that the principle of maximal 
velocity for signals has far-reaching consequences which are in accordance 
with the usual particle interpretation of quantum field theory. 

In the fifth section we deal with the following conjecture: If we have a 
representation of the algebra of local observables with spectrum condition, 
if the spectrum of the unique minimal representation starts at mo, and if 
there is an upper gap in the spectrum between m\ and m 2 , then one must 
have m 2 < 3mo- Although a proof for the general case is still missing the 
interpretation of this result has to be seen in connection with the theory of 
superselection sectors and the existence of anti-particles. In the fourth section 
we shall prove that, in the vacuum sector, the spectrum of the translation is 
an additive set. 

The last section is reserved for examples and some simple general re¬ 
sults. We give some applications of the result obtained so far, namely we 
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show that the spectrum condition is a quantum mechanical condition which 
cannot be transcribed to classical systems. Furthermore we will show that it 
is impossible to associate operators to points. 

With the results of chapter four it is also possible to show the indepen¬ 
dence of the locality axiom and the spectrum condition. But the correspond¬ 
ing examples will be given in notes and remarks. 

IV. 1 Commutators and the edge of the wedge problem 

In this section we want to relate quantum field theory with the techniques 
developed in the last chapter. 

Let {«4.(0),.4.,lR d ,a} be a local ring system and let {n,'H,U(a),V + } 
be a representation of this system fulfilling the spectrum condition. Then 
U(a) € 7r(.4.)" and it has the representation 

U(a) = J e i(p - a) d E{p). 
v+ 

We want to investigate certain expectation values of the group representation 
U(a). 

For simpler notation we write again x instead of For ip e 'H and 
x € A we define 

F x,rp( a ) = (ip,x*U(a)xip), 

F x,xl >( a ) = ( U(-a)ip,xU(-a)x*U(a)ip ) = (ip,a a (x)x*U(a)ip) 

and 

= F x,Tp( a ) ~ F x, 1 p( a )- 

Assume t <S V + and x € A(D t ). Then the locality condition implies 
F x,ip(a) = 0 for a <£ (2 D t )'. 

This implies that one can write 

Fx,tji{o) = — G x ^(a) 

with 

supp G^(a) c -2t + V + 

SU PP G-^ci) C 2t-V + . 

Let us denote the spectral projections of U(a) by E(A). We say a vector 
ip € H has support in A if E(A)ip = ip holds. From the support property 
of G ± it follows that F ~ 1 G X ^ is a boundary value of an analytic function 
holomorphic in T(V~) and F ~ 1 G~^ is a boundary value of an analytic 
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function holomorphic in T(V + ). Hence one has to deal with an edge of the 
wedge problem in case that supp F~ l (G + — G~) is not the whole of IRT*. For 
computing this support one uses the equation F + — F~ = G + - G~ . By the 
definition of these functions it follows that 

supp F~ X F^ C spec U 
supp F~ l F~^ C 2 A- spec U, 

and consequently 

supp JF" 1 - G~+) C spec U U {2 A - spec 17} 

where A is the support of ip which is at the same time a subset of the 
spectrum of U. Notice that this support depends only on the set A and the 
spectrum of U and not on the special features on the operator a: or the vector 
ip £ E(A)'H. Moreover, the fact that F~ 1 G ± are boundary values of analytic 
functions in T(V T ) depends only on x £ A(D t ), but not on the choice of x 
and the choice of t, as long as t is a finite vector in V + . 

Let G{A) be the central support of E(A). Then the set of vectors {xip} 
is total in G(A)% provided ip varies over E(A)H} and x over A(D t ) for 
arbitrary t £ V + . This implies that investigating the functions F^ with 
these conditions on x and ip is equivalent to investigating U(a)G(A). 

The edge of the wedge problem associated with the functions F~ 1 G~ 
and F~ 1 G + has a coincidence domain 

G = JR d \ {spec U U {2A — spec 17}} 

which in many cases can be enlarged to a domain G. We write this as 

G = IR d \ r with r C spec U U {2 A — spec 17}. 

Clearly the two functions F~ 1 F^ and F~ l F~^ coincide outside of the set 
2A — spec U. As a consequence one obtains the result 

IV. 1.1 Proposition: 

We stay with the assumptions made so far in this section. If one knows that 
the spectrum of G(A)U(a) is contained in spec U, and if by the edge of the 
wedge problem the domain IR d \ spec U U {2 A — s'pec 17} can be enlarged to 
IR 0 * \ r, then one has 

spec G{A)U{a) c {{P n spec!/} U (spebl7 fl (2A - spec IT)}}. 


Proof: From the discussion of the edge of the wedge problem we know 
supp F~ l F x ^ C r. Furthermore we know F~ X F = F~ 1 F+ - F~ l F~. 
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Since in the intersection of the two supports some accidental cancellation 
might occur we can only draw conclusions for that part of the spectrum of 
G(A)U(a) which is outside of 2 A — spec U. The rest is a consequence of the 
previous discussion. o 

At first sight this proposition seems to be not very useful because of two 
reasons: 

1) The coincidence domain and therefore also the envelope of holomorphy 
depends on the choice of the set A. 

2) Statements about the spectrum of the translations can only be obtained 
for the points outside of 2 A — V + . 

This difficulties can be overcome. Let us assume for a moment that we 
are dealing with a factor representation. In this case every E(A) which is 
non-zero has central support 1. The strategy will be to vary A in order to 
obtain statements which are true for all subsets A and which are therefore 
statements which are independent of A. This strategy works also if a center 
is present. In this case one has to determine sufficiently many sets such that 
E(A) has central support 1. 

IV.2 Locality and minimal translations 

Let {A(0),A, !R d ,a} be a theory of local observables. Recall that we de¬ 
note by V + the open forward light-cone in configuration space lR d and by 
V + the dual cone in momentum space. Denote by E(V ) the projection 
defined in II.6.1 (iii). In section II.6 we have constructed in A**E(V + ) a 
continuous unitary representation of the translations which implements the 
automorphisms a a and the spectrum of which is contained in V .In the 
one-dimensional case we constructed, in section II.4, a special representa¬ 
tion which was called minimal. Now we want to generalize this concept to 
the d-dimensional situation. However, we start with some general consider¬ 
ations which are based on an arbitrary convex, proper cone. 

IV.2.1 Definition: 

Let {^4, IR^a) be a C*-dynamical system and let C C IR d be an open, 
convex cone with proper closure and denote by C' its ( closed) dual cone. Let 
U(a) G A**E(C') be a continuous unitary representation of the translations 
with 

(i) Spectrum U{a) C C', 

(ii) U(a) implements the automorphism a a . 

Then U(a) is called minimal, if for any other continuous, unitary represen¬ 
tation V(a) G A**E(C') of the translations which also fulfils (i) and (ii), one 
has spectrum V(a)U*(a) C C'. 
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Remarks: 

(i) If we write U(a) = exp{i(a, P)} and F(o) = exp{i(a, Q)}, then U(a) 
minimal is equivalent to the relation ( t, P ) < (t, Q ) for every t £ C. 

(ii) If a minimal representation exists then it is necessarily unique. 

(iii) If the cone C is a simplicial cone then a minimal representation always 
exists. This can be seen by repeating the arguments of II.5. 

(iv) If the cone C is general then the existence of a minimal representation 
can be expected only if there is an intimate relation between the algebraic 
structure and the cone C. 

It is our aim to show that this is the case in the theory of local observables. 
To this end we remark first if U(a) and V (a) are two representations of 
the translations which fulfil the requirements of Definition IV.2.1, except 
minimality, then V(a)U*(a ) £ Z(A**E(C')). Hence we define: 

IV.2.2 Definition: 

(a) Let U(a ) be a representation of the translations with the above require¬ 
ments and write U(a) = exp{i(o, P)}, where P — {P 0 ,..., Pd-i} are the 
generators. Then we introduce the multi-component objects V(U) as the set 
of Q = {Qo, —, Qd-i} with self-adjoint Q it Qi = Q* and 

(i) f(Qi) £ Z(A** E(C)), for all bounded continuous function on 

(ii) (t,P + Q) >0, VteC. 

(b) In P(U) we introduce a t-semi-order by putting 

Q 1 <Q 2 , if t£C is fixed and if (t, Q 1 ) < (t, Q 2 ), 

where the last inequality is meant in the order of operators. 

With this notation one obtains: 

IV. 2.3 Lemma: 

The spaces V = V(U) introduced above have the following properties: 

(i) Let U l (a) = exp{i(a,P 1 )} and U 2 (a) = exp{i(o,P 2 )} be two differ¬ 
ent representations fulfilling the spectrum condition and which belong to 
A**E(C'). Then R = P 1 — P 2 is affiliated with Z(A**E(C')) and one has: 

V(U l ) = P(I/ 2 ) + P. 

(ii) P is convex and if Q is affiliated with Z(A**E(C')) such that ( t, Q) > 0 
for every t £ C then Q £ V. 

(iii) For a given t-semi-order V is a lattice; namely if Q l ,Q 2 £ P then there 
exist 

Qi £ P, Q\<Q 1 > Q\<Q 2 

and 
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Qu£V, Q x <Qu, Q 2 <Qu. 

(iv) The hounded part of V (this means the set of all Q £ V such that 
Y IlQill < oo ) is closed in the ultra-weak operator topology of Z(A**E(C ')). 

(v) Let U(a ) = f c , e^ a,p ^dE(p) be the spectral representation of U(a). Let 
A C C' be compact and let G(A) be the central support of E(A). Then 
VG(A) is bounded below in every t-semi-order (t £ C ). 

(vi) U(a) is minimal if and only ifV contains only positive elements in every 
t-semi-order, namely, ( t , Q) > 0 for every Q £ V and every t £ C. 

Proof : (i) Assume Q 1 £ V(U l ). Then for t £ C one has ( t,P 2 +Q 1 +R ) = 
( t ; P 1 +Q 1 ) > 0, hence V(U l ) + R C V(U 2 ). Conversely if Q 2 £ V(U 2 ) then 
(t,P l + Q 2 -R) = (t,P 2 + Q 2 )> 0 and therefore V(U 2 ) -R C ^(t/ 1 ). 

(ii) Assume Q 1 , Q 2 £ V. Then for t £ C we have ( t , P + A Q 1 + (1 — A)Q 2 ) = 
A(<, P + Q 1 ) + (1 — A)(t, P + Q 2 ) > 0 and hence AQ 1 + (1 — A)Q 2 £ V for 
0 < A < 1. If (t, Q) > 0 for every t £ C then clearly (t,P + Q) > 0 and hence 

Qev. 

(iii) Let t £ C be fixed and let Q 1 and Q 2 both be in V. Then (t, Q 1 )-(t,Q 2 ) 
is self-adjoint and one can write ( t,Q x ) - (t,Q 2 ) — A + — A where A ± £ 
Z(A**E(C')) are both positive. Let G + be the support projection of A + 
and put Qi = G + Q 2 + ( E(C')-G+)Q 2 and Q u = G+Q 1 + ( E(C')-G + )Q 2 . 
It is clear that ( t , Q\) minimizes (t, Q 1 ) and (<, Q 2 ) and that (t, Q a ) majorizes 
the two operators. For arbitrary t' £ C one finds ( t',P + Q\) — (t', G + (P + 
Q 2 )) + (t', (E(C') — G + )(P + Q 1 )) > 0 by the choice of Q 1 and Q 2 . The same 
argument holds for Q u . 

(iv) Let Q a £ V converge cr-weakly to Q. Then we have for every A**E(C') 
normal state, lim Q u>((t, P + Q a )) = w((t; P + Q)) > 0. Since this holds for 
every t £ C it implies Q £V. 

(v) If A C C' is compact and E(A ) ^Owe denote by A t = sup {(p, <); 

p € A} which is bounded since A is compact. Let p 0 £ A such that (p 0 , t) = 
A t ; then A — p 0 C] C' = {0} and consequently for every Q £ V we have 

(t, (Q + p 0 )G(A)) > 0 which implies —poG(A) < QG(A). 

(vi) This is trivially equivalent to the Definition IV.2.1 of minimality. □ 

Next we want to show the existence of minimal elements in the t-order 
for any t £ C. 

IV.2.4 Proposition: 

Let {.A,! R d ,a,C'} be a C*-dynamical system and U(a ) a continuous repre¬ 
sentation of the translation group. Let V be the set defined in IV.2. 2, and let 
t £ C. Then 

(1) V contains minimal elements with respect to the order <. 
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(2) For every Q £ V and every t-minimal minimal element Q' one has 
Q'<Q. 

(3) If Q is a minimal element with respect to the order < then spec 

Q C {p; (p, t) < 0}. 

Proof: Let A £ C' be a bounded set such that E(A) ^ 0, where E(A) 
denotes the spectral projection of U(a). Let G(A) be the central support 
of E(A). Then, by Lemma IV.2.3(v), the spectrum of the family of ele¬ 
ments {<5G(/i);<3 < 0} is contained in a common bounded set, and hence 
E\m\ < M < oo. Let Qfi be a monotone t-decreasing net in this set. Since 
the unit ball in ZG(A) is weakly compact there exists a convergent subnet 
Qj with limit Q' which belongs to VG(A) by Lemma IV.2.3 (iv). Since Qg 

was decreasing one has Q' <Qp. Using Zorn’s Lemma we see that VG(A) 
contains minimal elements in the t-semi-order. Moreover, for every QG(A) 

and every minimal element Q' one has Q'G(A) <QG(A) because VG(A) is 
a lattice in the t-semi-order. The sets G n = G({p £ C'\ ( p,t ) < n}) have 
the property that G n converges to E(C'). Define 

OO 

M t (V) = Q n (G{n ) - G(n - 1)); with Q n a t— minimal element of 
l 

P(G(n)-G(n- 1))}. 

If we have Q £ V and Q' £ M t (V) then by construction Q' (G(n) - 

G(n — 1)) <<5(G(n) — G(n — 1)) and hence Q' <0. This shows (1) and (2). 

t 

Finally let Q be t-minimal. Then Q<0 which implies (Q,t) < 0. Hence the 
spectrum of Q is contained in the half-space (p, t) < 0. □ 

Up to now the condition of locality has not been used; however it becomes 
essential for the next result. 

IV.2.5 Proposition: 

Let {^4(0),^4, H d ,a} be a theory of local observables and let U(a ) € 
A**E(V ) be a continuous unitary representation of the translations ful¬ 
filling the spectrum condition and implementing a a . Let V be as defined in 
IY.2.2. Let Q £ V and assume that the spectrum of Q contains points which 
are spacelike. Then for every given t £ V + there exists Q t £ V with Qt<Q 
but Q t ^ 0 and Q t ^ Q. 

Proof: Let p £ spec Q with p 2 < 0. Write p - b + Xt with (6, t) — 0 and 
A 2 < = p- ■ This is possible since t was timelike. Choose e small enough such 
that (|A| + e) 2 < = ^ r . Then the double cone D p _ et)P+et is still contained in 
the spacelike points and G(D) := G(D p - et ,p+et) ^ 0, where G is the spectral 
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projection of Q. From the definition of Q it follows that the spectrum of 
(P + Q)G(D) is contained in V + D {(p — et) + V + }. See Fig. 3. Now let E( A) 
be the spectral family of (P + Q, t). Choose Ao such that E( Ao) / 0 and let 
G(Ao) be the central support of E( A 0 ). Denote by A n the set A n — {q e 
y + n {{p - et) + }; (?) t) < nAo}, n = 1,2,.... Since (p — et) is spacelike 

one sees that there exists a < 0 such that A 2 + ab is contained in the interior 
of V + and hence one can find r > 0 such that A 2 + crb ~ rt CV . 



Fig. 3. Example for the construction of the minimal translations. 

a. The support of P + Q if Q contains a spacelike point. 

b. The three-dimensional picture of the situation. 


Now we use the technique described in detail in section IV. 1 and apply 
the Jost-Lehmann-Dyson representation (Section III.4) to the coincidence 
domain 

M d \ ((F + n ((p - et) + V + ) U {2 A 1 - (V + D ((p - et) + F + )}. 

This gives an enlargement of the coincidence domain to \ K + {V + U 
— V + } where K is a closed subset of A 2 , namely V + (1 ((p — et + V + ) fl 
{2 Ai — (V + fl ((p — et) + F + ))}. But this implies by Proposition IV.1.1 
that (P + Q)G(D)G( Ao) has its spectrum in A 2 + V + . Consequently spec 
(P + Q)G(D)G( A 0 ) + ab — rt is contained in V + . Define 

Qt - Q( 1 ~ G(D)G( Ao)) + (Q + ab - rt)G(D)G( A 0 ). 

By construction one has Q t € V and since r > 0 one has Qt ^ Q and 

Qt<Q • □ 

Combine this result with Proposition IV.2.4 to obtain 
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IV.2.6 Theorem: 

Let {^4(0),^4, ]R d , a} be a theory of local observables, and let U(a) be a 
continuous representation of the translation group satisfying the spectrum 
condition and implementing a a . Let V be the set defined in IV. 2.2. Then 
V contains a unique element which is minimal with respect to every t-semi- 
order, t £ V + . 


Proof: Take t 6 V + and choose a t-minimal element Q G V. Since 0 G V 
it follows from IV.2.4 (2) that Q <0. This implies that the spectrum of Q 
contains only points in V or spacelike points. If spec Q contains spacelike 
points then by IV.2.5 it is not minimal. Hence spec Q C V . 

Now let ti,t 2 € V + be two linearly independent vectors and let Q\ and 
<52 be ti and t 2 minimal respectively. Define Pi = P — Qi, i = 1,2. Then 
according to Lemma IV.2.3 (i) one has V{Pi) = V(P) — Qi ■ But this implies 
<5 i-< 5 2 is t\ minimal in V{P2) and Q2—Q1 is £2 minimal in (Pi). Consquently 
we have the inclusions spec (Qi — Q2) C —V + and spec (Q 2 — Qi) C —V + 
and hence spec (Q1 — Q2) = { 0 } or Qi = Q 2 - Since t 2 was arbitrary one sees 
that Q 1 is minimal with respect to every t-order, t € V + . From this one also 
concludes its uniqueness. □ 

Notice that this minimal element is also minimal with respect to all 
t G V + . This can easily be seen by standard limiting procedures. 

IV.2.7 Corollary: 

Let {^4(0),^4, JR d ,a} be a theory of local observables. Then there exists a 
unique continuous unitary group representation U{a) G A**E(V + ) which 
fulfils the spectrum condition and which is minimal in the sense of Definition 
IV.2.1.(ii). 

Proof : Choose any continuous unitary group representation V(a) € 
E(V + )A**. Let Q be the unique minimal element in V(V) and define U(a) = 
V(a) exp{i(<5, a)}. By Lemma IV.2.3 (i) one has V(U) = V(V) — Q. Since Q 

was minimal in V(V) one has Q <Q' for every Q' in V(U). This shows that 
U is minimal. Let U' also be minimal. Then one has spec U(a)U'*(a) c V + 
and spec U'(a)U*(a ) c V + which gives U'(a) = U(a). □ 
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IV.3 Locality and the shape of the spectrum 

Let {A ( 0 ), A, a} be a local ring system and let {7r, H, U(a)} be a faith¬ 

ful normal representation of A**E(V + ). In the following we will identify 
U(a) with the unique minimal representation in A**E(V + ) which exists ac¬ 
cording to Corollary IV.2.7. This section is devoted to the investigation of 
the spectrum of U{a). 

Since U(a) is uniquely defined one can give its generators an absolute 
meaning and call them the energy and momentum operators of the the¬ 
ory. This new feature will be exploited in this section. In particular it will 
turn out that the interplay between the spectrum condition and the locality 
assumption is closely related to a particle interpretation of the theory. 

We start the investigations with the following observations: 

IV.3.1 Lemma: 

Take the assumptions described in the beginning of this section. Denote the 
spectral projections of U(a) by E(A). Let b G lR d with b 2 < 0 and let 

A = V + \(b + V + ). 

Then E(A) has central support 1 (in A**E(V + )). 

Proof : Let G be the central support of E(A). Then C/(a)(l — G) has its 
spectral support in V + n (b 4- V + ) and consequently -(1 - G)b € V(U). 
Since U is minimal one has spec Q C V + for every Q G V(U) and hence 
(1 — G) = 0 since b is spacelike. □ 

With help of this result one proves 

IV.3.2 Lemma: 

In addition to the assumptions described in the beginning of this section 
consider a projection G G Z(A**E(V )) and let p G dV + , p / 0. Assume 
that p does not belong to the spectrum of U(a)G: 

(a) If d > 2 then no point p G dV + with p^O belongs to spec U(a). 

(b) If d = 2 then no point Xp, A > 0 belongs to spec U(a)G. 

Proof : Since spec U(a)G is closed it follows that with p a whole neigh¬ 
bourhood U of p lies outside the spectrum. Choose a timelike direction po 
and a spacelike direction pi with (j?o,Pi) — 0 and pi + pi = 0. For every 

e > 0 Lemma IV.3.1 implies that (spec U(a)G) fl |] (ep\ + V + ) = A is 

not empty. We now apply to this situation the technique described in de¬ 
tail in section VI. 1. To obtain an enlargement of the domain of holomorphy 
and hence a statement about the spectrum we use the Jost-Lehmann-Dyson 
method described in Theorems III.4.5 and III.4.7. This implies that the part 
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of the spectrum of U(a)G which Kes in (2 epi + F + ) belongs to the union of 
those hyperboloids with center in F + (1 [](2epi + V + ) which do not enter 
the neighbourhood U of p. This shows in particular that a neighbourhood 
of {Ap; A > 2e} does not belong to spec U{a)G. See Fig.4. From this one 
obtains the results for d = 2 since the above statement holds for every e > 0. 
If the dimension of the space is larger than two then one has to vary pi and 
e in such a way that q G dV + ,q 0 does not belong to any hyperboloid 
used by the J.L.D. representation. This is possible since the hyperboloids 
are not allowed to enter the neigbourhood U of the point p. We learn by the 
compactness of the set of directions that no point of dV + belongs to 
spec U(a)G with the possible exception of point zero. □ 



Wf Neighbourhood of p 

Centers for hyperboloids 

II The doubled support of 
the vector ip 


Fig. 4. Sample hyperboloid with center z if the point p e dV + does not belong to 
the spectrum of the translations. 


As a consequence of this result we obtain in addition 

IV.3.3 Corollary: 

Keep the assumptions and notations of the last lemma. If dV + \ {0} does not 
belong to spec U(a)G and if 0 belongs to spec U(a)G, then {0} is an isolated 
point of the spectrum. 

Proof : Let po G V + with pi = 1. Then for every p x € p$ with p\ = — 1 
one has po +pi & spec U(a)G. Since the ball p\ = —1 is compact there exists 
S > 0 such that po + (1 — S)pi ^ spec U(a)G. By Lemma IV.3.1 again spec 
U(a)G fl (](epi + V + ) = A is not empty and we apply to this the technique 
described in section IV. 1. However, to obtain an enlargement of the domain 
of holomorphy in this case we use the double cone Theorem III.3.2 with 
respect to the cone F + and obtain that the union of the interior of the 
double cones (2e(p 0 +Pi),Po + (1 - <5)pj) does not belong to the spectrum. 
Taking the limit e -» 0 we see that zero is an isolated point of the spectrum.D 
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Another consequence we mention for later use is 

IV.3.4 Corollary: 

Keep the assumptions of Lemma IV.3.2. Assume d = 2. Let po,Pi be fixed 
such that po € V + , pi = 1, p\ = —1 and ( Po,Pi ) = 0. Assume 
{A(po+Pi)> A > 0} does not belong to spec U(a)G, but that {A(po —Pi), A > 
0} belongs to spec U(a)G. Then there exists an open neighbourhood U of zero 
such that 

spec U(a)G fl 11 = {A(po — Pi), A > 0} flW. 


Proof : The proof of this result uses exactly the same method as used in 
the proof of Corollary IV.3.3. Therefore we don’t need to repeat it. □ 

In order to formulate the first result about the shape of the spectrum of 
translations we have to define what is meant by the lower boundary of the 
spectrum. 

IV.3.5 Definition: 

Let U(a) be a continuous unitary representation of the translations such 
that spec U(a) C V + . A point p in the boundary of spec U(a) is called a 
lower boundary point if there exists a continuous curve C starting at p and 
ending at some fixed point q lying in the interior of —V + such that CD spec 
17(a) = {p}. 

With this definition one obtains 
IV.3.6 Proposition: 

Let {7l(0),^4, !R d ,a} be a theory of local observables and assumeU(a) is the 
unique minimal representation of the translations described in section IV.2. 
Then the lower boundary of the spectrum ofU(a)G is a Lorentz invariant 
set for every projection G € Z(A**E(V + )). 

Proof : There are several different cases which need different considera¬ 
tions: 

Case 1: dV + belongs to spec U(a)G. In this case dV + is the lower boundary 
which is obviously invariant. 

Case 2: No point of dV + belongs to spec U(a)G. 

Case 3: 0 € spec U(a)G, but no other point of dV + belongs to spec U(a)G. 
Case 4 : This can happen only for d = 2. Let po € V + and (pi,po) = 0 with 
pi = 1, pf = —1. Assume that {A(po + Pi); A > 0} does not belong to spec 
U(a)G but {A(po — Pi); A > 0} c spec U(a)G. See Fig.5 next page. 

From Lemma IV.3.2 it follows that these cases describe all possibilities. 
First we investigate the second case. Since zero does not belong to 
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Fig. 5. Sample boundaries for the minimal spectrum. 

a. In two dimensions: The massive hyperboloid and the spectrum of the “left 
movers”. 

b. The massless and the massive hyperboloids in three dimensions. 


spec U(a)G there exists a whole neighbourhood of zero which does not belong 
to the spectrum. Choose a vector po € V + with pi — 1. Then there is a 
constant to > 0 such that (mpo + Po ) is a supporting hyperplane of spec 
U(a)G. Let pi G Pq with pj = —1 and A = spec ?7(a)G f fl|](epi + 1^ + ). Then 
we apply the technique described in IV.l with vectors ip G E{A)'H where we 
use the Jost-Lehmann-Dyson formula. One sees that in the limit e —> 0 one 
obtains a set r pi with spec U(a)G C r pi where F pi is the intersection of V 
with the union of all hyperboloids h(l,m) with apex at points l G dV + with 
l 2 — 0 and (l,pi) > 0, such that their upper branch is above the supporting 
hyperplane mpo + Po ■ 

Now changing the direction of p\ one sees by taking intersections that 
spec U(a)G C (p; p 2 > m 2 } U 0. Since we know that zero is not a point of 
the spectrum we have spec U(a)G C {p; p 2 > to 2 }. On the other hand, since 
topo + Po was a supporting hyperplane the lower boundary of spec U(a)G 
has to be (p; p 2 = to 2 }. Otherwise one could change the direction of po and 
obtain a contradiction to the value of to. In the third case one can argue as 
before. The only difference is the point zero. It cannot be removed by taking 
the intersection. Therefore zero remains a point of the spectrum. Finally the 
third case can be treated as follows. We know that {pi = p 2 } fl {pi < 0} 
belongs to the spectrum by assumption and Lemma IV.3.2. On the other 
hand we can apply the method described in section IV.l to the function 
DF^ x {a) and DF^ x (a). By Corollary IV.3.4 we know that there exists a 
neighbourhood of zero not belonging to spectrum of DU (a) and hence by 
Corollary IV.3.3 we find that no point of {pp 2 = 0} belongs to the spectrum 
of DU (a). Applying now the result of case 2 we find that there exists an 




102 


m > 0 such that the lower boundary consists of two parts, the hyperboloid 
{p; p 2 = m 2 ,m > 0} and one half of the zero hyperboloid p 2 = 0. This 
establishes the proposition. □ 

Before coming to the main result of this section we will draw some con¬ 
clusions from the last proposition: 

IV.3.7 Corollary: 

With the assumptions and the notation of the last proposition one obtains: 
Let l £ dV + , I / 0 a lightlike vector and let B r be the ball of radius r and 
center 0. Denote by A(l,r) the set ( (J {Al + B r }) n V + . Then for every 

A>0 

projection G £ Z(A**E(V + )) and for every e > 0 one has: Central support 
ofE(A(l , e))G = G, where E(A) denotes the spectral projection of the unique 
minimal representation in A** E(V + ). 

Proof : Let F be the central support of E(A(l,e))G and assume F G. 
Then (G — F)E(A(l, e))G = 0. Since the lower boundary of the spectrum 
of (G — F)U(a) is invariant there exists a hyperboloid M > 0 such that 
{p; p 2 = M 2 } is the lower boundary (or is part of it). Choose a co-ordinate 
system such that l = (1,1) with (l) 2 = 1. Let l' — (1, —1). Then XI + al' £ 
A(l,e) for A > 0 and 0 < a < We have (XI + al') 2 = 4Aa. Choosing 

a = | and A > we see that (Al + al') 2 > M 2 . This shows that A(l,e)D 
spec (G — F)U(a) 0 which is a contradiction. □ 

Now we are prepared for the main result of this section: 

IV.3.8 Theorem: 

Let {A(0), A, IR. d , a} be a theory of local observables and assume thatJJ(a) is 
the unique minimal representation of the translations in A**E(V + ) described 
in section IY.2. Then for every projection G £ Z(A**E(V + )), specU(a)G 
is a set which is invariant under Lorentz transformation. 

Proof : From Proposition IV.3.6 we know that the lower boundary of the 
spectrum of U(a)G is a set which is invariant under Lorentz transformations. 
Hence it remains to show that holes are also invariant under Lorentz trans¬ 
formations. To this end we have to combine the technique of section IV. 1 
with the results developed in the sections 5 and 6 of chapter III. To this end 
our coincidence domain will consist of two parts. G\ will be the points which 
are space-like with respect to an order interval: Gi =< 0,2p >', p £ V + . 
The domain G 2 will be a double cone. We start with the assumption that 
there is a hole in the spectrum of U(a)G. Then by combining the method of 
section IV. 1 with the double cone Theorem III.3.2 with respect to the cone 
V + one can assume that the hole is the union of order intervals. It is clear 
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that the theorem holds true if we can prove it under the assumption that 
the starting hole is an order interval <b,c>° with b 2 = m\, c 2 = m 2 , and 
mi < m 2 . 

Fix a coordinate system and let Z = (1,1) with l 2 = 1 be a lightlike vector 
and let l' = (1, —1). Then there exists e > 0 such that (2 p — V + )fl 
< b, c >= 0 for p = XI + el'. From Corollary IV.3.7 we know that for every 
G € Z(A**E(V + )) there exists A > 0 such that E(< 0 ,p >)G ^ 0 and 
that the central projection of E(< 0 ,p >) tends to G for A -» oo. Hence 
the method of section IV. 1 and Theorem III.6.3 implies that the spectrum 
of U(a)G vanishes in G 2 , where G 2 is defined in Definition III.6.2. The set 
G 2 depends on the vector p = A l + el'. Let C? 2 (/) = U £ {p~,p = A l + el'}. For A 
sufficiently large G 2 becomes independent of A so that one can compute the 
boundary of G^i)- This is given by four hyperboloids: 

(i) h( 0, \/P), 

(ii) h( 0,Vc2), 

(iii) h(\ b l, 0) where A b l = {XI} D {6 - dV + }, 

(iv) h(X c l, 0) where A c l = {AZ} fl {c — dV + }. 

See Fig. 6. 


Given coincidence domain 
Enlargement of the domain 



Fig. 6. First step of the enlargement of the hole in the spectrum with help of the 
analyticity obtained from the spacelike points. 


From this we see that in there are new order intervals < b',c' >° 
with b' 2 = b 2 and c' 2 = c 2 . Changing the direction of l and repeating the 
argument with the new order intervals < b',c' > one sees that the only set 
stable under this construction is 

SiVb 2 , sfc?) — {p; b 2 <p 2 < c 2 , po > 0}. 

This proves the Theorem. □ 
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IV.4 Invariant states and the cluster property 

In this section vacuum states are defined and some of their properties which 
are consequences of the locality condition are derived. Many of the results 
do not use the spectrum condition. First some preparation: 

IV.4.1 Lemma: 

Let {.4.(0), A, lR d , a} be a local net (fulfilling the axioms I, II, and III) and 
let a £ lR d be spacelike. Then for every x,y £ A one has 

lim || [*,a Ao (y)] || = 0. 


Proof: Since U A(0) is norm-dense in A one can find, for any given e > 0, 
bounded open sets Oi,C >2 and u £ A(Oi), v £ .4(02) with ll«-*ll<4if 
and ||v — y11 < Since a is spacelike there exists Ao such that Oi and 

O 2 + A a are spacelike for A > Ao. For such A one has [u, a\ a (y)} = 0, and 
hence [®,a Aa (y)] = [«,a Aa (y-v)]+[(£-u),aA a (v)] implies || [x,a Aa (y)] || < e. 
Since e is arbitrary one obtains the result. □ 

This last result can be extended in the following way: 

IV.4.2 Lemma: 

Let {A(0),A, !R d , a} be a local net, and let n be a representation of A on 
%. Denote by Z„ the center of n" and by Z' v the commutant of Z n . Assume 
ip,<p £%, x £ A, A £ Z’^, and let a be spacelike. Then one has 

lim (ip, [ w(ax a x),A]ip ) = 0. 


Proof: The set of operators of the form ]T\ n(yi)Bi, yi £ A and B, £ 
7 r(A)' is strongly dense in Z' n . Denote this algebra of finite sums by B. 
If A £ Z’ v is selfadjoint then there exists a selfadjoint B £ B such that 
II (A - B)<p\\ < 2 p|f and \\(A - B)xf\\ < Hence one obtains 

lim \(i>, [Tr{a\ a x), A\ip)\ < e\\i>\\ ||^||+ 

A —toe 

lim \{i>, \n(a.\ a x), B]ip)\ = e||^|| ||^|| 

A—>00 

since by Lemma IV.1.1 lim A -).oo II [7r(a Ao x), ^{Ui)Bi] || = 0. As e was ar¬ 
bitrary the result follows since every operator is a linear combination of 
selfadjoint ones. □ 

Next the concept of an invariant state is needed. 
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IV.4.3 Definition: 

Let {A, G, a} be a C*-dynamical system. Then a state w on A is called an 
invariant state if u> o a g = w for every g € G. 

IV.4.4 Lemma: 

Let {A, G, a} be a C* -dynamical system and let u be an invariant state and 
{7r, Li, ip u } the G.N.S. representation of A defined by u. Then there exists 
on LI a unitary representation U(g) of the group G with: 

U(g)if) u = ip u x e G, 

U(g)n(x)U*{g) = n(a g x), x G A. 


Proof: Define U(g) by the equation 

U(g)n(x)ipu = Tr(a g x)ip u . 

Since the representation is cyclic with cyclic vector ip u one sees that U(g) is 
densely defined and has a dense range. Because of the linearity of a g , U(g) 
itself is linear. Moreover, \\U (g)Tr(x)ij) u \\ 2 = (n(a g x)'ip lv ,Tr(a g x)ip ul ) — 
w(a g (x*x)) = ui(x*x) = ||7r(x)i/) a ,|| 2 , since w is an invariant state. Hence 
U{g) is isometric and the first remark implies that U(g) is unitary. Prom 
ot gi a g2 = a gig2 one calculates U(gi)U(g 2 )n(x)ip u = U(g 1 g 2 )n(x)ip u . But 
this implies that U(g) is a representation of the group G. □ 

Next we want to combine Lemma IV.4.2 and Lemma IV.4.4. 

IV.4.5 Proposition: 

Let {.4(0), A, IR rf , a} be a local net, u be a translation invariant state, and 
{7 T,'H,tp u ,U(a)} the G.N.S. representation defined by w with the canonical 
group representation given in the last lemma. Denote by Eo the projection 
onto all vectors in LI which are pointwise invariant under every U{a). As¬ 
sume in addition that Z„ is pointwise invariant under a a , a G IR ri , and let 
b be spacelike. Then the following relation holds for Xi, yj € A: 

lim (ip w , n{xi)Tr(a\ b yi)n(x 2 ) ■ ■ ■ n(x n )n(ax b y n )ip w ) 

X —>00 

= (V’um n(xix 2 ■ ■ ■ x n )E 0 n(y iy2 ■ ■ ■ y n )ip u ) 

= (V’an ^iVi ■ ■ ■ y n )E 0 Tc{x 1 ■ ■ ■ x n )ip u ). 


Proof: Repeated use of Lemma IV.4.1 gives 
lim ||7r(xi)7r(aAoJ/i)---7r(x„)7r(a Aa y n ) -?r(a:i...x„)7r(a Ao (y 1 ...j/ n ))|| = 0. 
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Since every U(a) commutes with Z v it follows that E 0 also belongs to 2* . 
FVom the relation Eoip u = and Lemma IV.4.2 one obtains 

lim (ip u ,n(xi...x n )n(ax a (yi...y n ))^ u ) 

A —>00 

= lim (tpu 1 ,n(xi...x n )E 0 n(a\ a (yi...y n ))i(> u ) 

A—>oo 

= lim (ip u ,n(x 1 ...x n )E 0 U(Xa)n(yi...yn)ip u ) 

A—>00 

= (^ u ,Tr(xi...x n )E 0 n(yi...y n )^ u ). 

Since the commutation to the other side can be proved in the same manner, 
one obtains the desired result. □ 

In the last proposition we have seen that one can interchange the order 
of operators in the limit. This phenomenon will be investigated more closely 
in the last step of the prehminaries. 

IV.4.6. Proposition: 

Let {A{0), A, lR d ,a} be a local net and u> be an invariant state giving rise to 
the G.N.S. representation {n,ft,ip u ,U(a)}. Denote by ft the von Neumann 
algebra generated by 7 x{A) and the group representation {U(a)\ a € lR d }. 
Assume that the center Z v commutes with U(a). Then 

(1) Eq is an abelian projection of ft with central support 1 and consequently 
ft is a von Neumann algebra of type I. 

(2) The commutant of ft is abelian and coincides with Z v . 

Remark: 

This proposition remains true if the assumption that Z n is pointwise invari¬ 
ant is dropped except for the modification that the commutant of ft consist 
of the invariant elements of Z n . Since the more general result is not needed 
in what follows we refrain from proving it. 

Proof : In the proof of Proposition IV.4.5 ip u can be replaced by any other 
vector in EqH which implies that one can iterate this proposition. Hence for 
*i, • • • ,*4 € A one obtains: 

(if> w ,Tr(xi)Eoir{x2)Eoir(x3)Eoir(x 4 )il} u ) = 
(^ un 7r(xi)E 0 n(x3)EoTt(x2)Eon(x 4 )'ip u ). 

Since n(A)if) u is dense in % it follows that Eqtt(A)'4>u is dense in EqU. But 
this implies 

[E 0 7r(x)E 0 ,E 0 n(y)E 0 ] = 0 for x,y 6 A. 

Next the set of operators it{xi)U{ai) is a *-algebra fto since 
{ir(x)U(a)}* = Tr(a- a x*)U(—a) and Tr(x)U(a)n(y)U(b) = n(xa a y)U{a+ b). 
This is the algebra generated by 7 t(A) and {17(a)} and it is dense in ft. 
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If B € Ho with B = Yli n ( x i)U{ai) then one has BEq = Yli n ( x i)Eo and 
hence TZoEo = n(A)Eo- Prom this one obtains [EqBiEq,EqB2Eo\ = 0 for 
B\, i ?2 € TZq. Notice next that TZ 0 is strongly dense in TZ and that one 
obtains a weak limit point when going to a strong limit point with the two 
operators B x and Bi- Hence EoTZEo is an abelian algebra (acting on EoTL). 
Since now Eo is the projector onto the common eigenstate of all U(a) to 
the eigenvalue 1, it follows that Eo belongs to the von Neumann algebra 
generated by {17(a)} and consequently all the more so to TZ. But this shows 
that Eo is an abelian projection of 1Z. Furthermore from Eoipu = V’w and 
TZip oj D ir{A)ipw = TL one finds that the central support of Eo is one and 
consequently TZ is a von Neumann algebra of type I. 

Now V’w is a cyclic vector for n(A) and therefore also for TZ. Prom this 
one sees that ip u is a cyclic vector for EoTZEo in EoTZ. But an abelian algebra 
with cyclic vector is equal to its commutant, i.e. (EoTZEo)' = EoTZEq. Since 
ip u is cyclic for TZ and since Eo € TZ has central support 1 one obtains from 
Eo'ipu = V’oj that the map TZ 1 -*• TZ'Eo is an isomorphism of von Neumann 
algebras. Consequently TZ' is abelian and is isomorphic to EoTZEo■ It remains 
to show that TZ' and Z x coincide. Since Eo is an abelian projection of central 
support 1 and since Eon{A)"E 0 = EoTZEo and since E 0 commutes with Z n 
it follows that E 0 Z„ and Eoiv(A)"E 0 = EoTZEo coincide. Hence EqZ x and 
E 0 TZ' are the same. This implies Z v = TZ'. □ 

After all these preparations we are able to prove a result which is called 
the additivity of the spectrum. But for the formulation and the proof of this 
result we need some notation and terminology: 

IV.4.7 Definition: 

Let {A, lR d , a} be a C*-dynamical system and {n, Ti, U(a)} a covariant rep¬ 
resentation such that 
(a) 17(a) is strongly continuous, 

(/3) Z„ commutes with U(a). 

Denote by spec U the spectrum ofU(a) and let B r denote the ball of radius r. 
Then p € spec 17 implies that E(p + B r ) 0 for every r > 0 where E is the 
spectral projection of the group representation U{a). By F(p + B r ) we will 
denote the support ofE(p+B r ) in Z„. We mil call points p\, • • • ,p n € spec U 

n 

compatible if for every r > 0 one has F(pi + B r ) ^ 0. 

i=1 

With these definitions one obtains 

IV.4.8. Theorem: 

Let {>1(0), A a ) be a local net, w an invariant state, and let 
{n,'H,'ip w ,U(a)} be the canonical representation defined by to. Assume that 
U(a) is a strongly continuous group representation which commutes with Z v . 
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If pi, P2 both belong to spec U and if they are compatible then Pi + P2 & 
specU and the three points pi,P2, andpi +P2 are compatible. 

Proof : Notice first that all points of spec U are compatible with each 
other if n is a factor representation. If 7r is not a factor representation and 
if Pi i P2 are both elements of spec U then it can happen that there exists 
a central projection F such that p\ € spec UF, p 2 spec {7 F. In such a 
situation nothing can be said about pi+P 2 - 

Denote by An the concrete C*-algebra generated by all n(A(0))". Then 
the system {tt{A{ 0))" ,An,TB - d ,«} defines again a local net and all that 
which has been proved before also holds for this local net. The strong con¬ 
tinuity of U(a) implies the weak continuity of Tr(a a x) for every x E An- If 
now / G £ 1 (lR <i ) then the expression 

*(*(/)) = J 7 r (a a x)f(a) da 

is well-defined and belongs to An- 

If p G spec U and if supp f C p + B r then one has E(p + 
B r )Tr(x(f))ip ul = n (x(f))i/) u . Moreover, taking functions / the Fourier trans¬ 
forms of which are equal to one on the set p + B r / 2 it can be seen that the 
set of vectors 

{E(p+ B r/ 2 )ir(x(f))il> u -, supp T~ x f Cp + B r , x G A} 
is total in E(p + B r /2)B. 

Assume that the statement of the theorem is not correct. Then there 
exists ro such that F(pi + P2 + B r )F(pi + B r )F(p 2 + B r ) = 0 for r < ro, 
and hence 

E(p\ +P2 + B r )F(pi + B r )F{p2 + B r ) = 0 for r < r 0 . 

Now take functions /*, i = 1,2 such that supp fi C Pi + B ro/2 . Then 

E(pi + P 2 + B ro ) 7 T (xi (/l )) 7 T (li (/ 2 )) lf> u = n (xi (ft)) 7 T (x 2 (/ 2 )) 1 pu> ■ 

Multiplying by F(jp\ + B ro )F(p2 +B ro ) one obtains zero and hence replacing 
£2 by a\ a £2 with a spacelike one finds 

0 = (• ipu,n(a\ a X2(f2)*)n(xi(fi )*) 

n(xi(h))n(a\ a X 2 (f 2 ))F(p 1 + B ro )F{p 2 + B ro )ip w ). 

Taking the hmit A -> 00 one obtains from Proposition IV.4.5 

0 = (^,n(xi(fiy)n(x 1 (f 1 ))F(p 1 +B ro/ 2)E 0 F(p2+B ro/2 ) 

n(x2(f2)*)n(x2(f2))lp u ) 
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for every Xi £ A, i = 1,2 and supp F~~ l fi C pi + B ro / 2 . Since all the 
operators are positive this relation remains true if we replace F(pi + B ro ) 
by a smaller operator, e.g. F(pi + B ro / 4 ). But by the choice of supp T~ 1 
we know that {F(pi + B ro / 2 )Eon(xi(fi)*Xi(fi))Eo} are total in the set of 
positive operators in EoF(pi + B ro / 4 )Z^. Therefore the right hand side of 
the last equation is not identically zero. This gives the desired contradiction 
and the theorem is proved. □ 

Finally we want to prove a characterization of vacuum states. This will 
require additivity of the spectrum proved in the last theorem. 

IV.4.9 Definition: 

Let {,4.(0), .4, IR d , a} be a theory of local observables. A state u> £ ,4*(V + ) 
will be called a vacuum state if 
(a) uj is an invariant state, 

( ; 0 ) the canonical representation U(a) (which is automatically continuous 
since w £ A* (V + )) of the translation group fulfils the spectrum condi¬ 
tions. 

With this notation the main result of this section is 

IV.4.10 Theorem: 

Let {A{0),A, IR d , a} be a theory of local observables. Then every invariant 
state belonging to A*(V + ) is a vacuum state. 

Proof : Let { 7 r, H, U(a)} be the canonical representation defined by lo. 

Since u> £ A*(V + ) there exists a different representation V(a) of the group 
Hr which implements the same automorphism a a , which belongs to tx{A)” 
and which fulfils the spectrum condition. But this shows that the center Z v 
commutes with V(a) and hence with U(a). Since V(a) and U(a) commute 
we can write U(a ) = V(a)V'(a) with V(a) £ n(A)" and V'(a) £ ix(A)'■ Let 
1Z again denote the von Neumann algebra generated by ir(A) and {17(a)}. 

Since 17'(a) is a commuting set of operators one sees that V'(a) belongs to 
11'. But from Proposition IV.4.6 one knows that 1Z' coincides with Z n and 
hence V'(a) belongs to Z^. This means that 1Z and r:(A)" coincide. 

Let Eq again be the projection onto all vectors in % which are invariant 
under 17(a). Then EoV(a) and EoV'(a) are inverses of each other (on EoH). 

Since the spectrum of V(a) belongs to V + it follows from the last relation 
that the spectrum of V'{a) belongs to —V + . Now assume that spec V'(a) is 
different from zero hence the spectrum of U(a) has points in —V + . Assume 
that p ^ 0, p £ —V + is in the spectrum of V'(a). Let F(< p, 0 >) be the 
spectral projection of V'{a) on the closed order interval < p,0 > (which is 
not zero by assumption). Then the spectrum of U(a)F(< p, 0 >) is contained 
in p + V + . Assume q ^ 0 and q £ specU(a)F(< p, 0 >) such that q V + . 
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Then by Theorem IV.4.8 also nq 6 spec U(a)F(< p, 0 >). However, this 
contradicts the statement spec £7(a).F(< p, 0 >) C p + V + . This implies 
spec f7(a)F(< p, 0 >) C V + . Since F(< pi, 0 >) -> 1 for p, such that 
U < pi,0 >= -V + we conclude that spec U(a) C V + . □ 

In the course of the proof of the Theorem we have proved something 
more, namely: 

IV.4.11 Corollary: 

Let {A (0),A, IR d , a} be a theory of local observables and uj a vacuum state. 

Then: 

(1) ^^(A)" is of Type I with k u (A)' = Z^. 

(2) The canonical representation U(a) of the translation group coincides 
with the minimal representation described in IV.2. 

(3) The spectrum ofU(a) is an additive set, which means if p\ , p 2 6 spec U 
and if pi,P 2 are compatible then pi +P 2 € spec U. 

IV.5 Additivity properties of the spectrum 

The investigation of the theory of local observables {A (O), A, ]R d , a} will be 
continued. Let uj e A*(V + ) be a vacuum state and let {tto, Ho, £/o(a)} be the 
canonical representation of the algebra A defined by uj. Here U 0 (a) denotes 
the canonical representation, which exists since u> is an invariant state, and 
which coincides with the unique minimal representation described in section 
VI.2. In case that 7 r 0 is a factor representation we know from Corollary 
IV.4.11 that the spectrum of Uo(a) is an additive set. We want to discuss 
the physical meaning of this result in order to learn what can be expected 
for arbitrary positive energy representations. 

In section 1.1 we have identified the representations fulfilling the spectrum 
condition with the representations of particle physics. It is customary to 
classify the different particles by their charge, their mass, and their spin. 

In standard quantum field theory there exists a field to every particle. If 
the particle is charged then the field must also be charged. Hence this is 
not an observable quantity. Therefore it does not appear in our theory, but 
nevertheless the charged fields can be used as a guidance. 

In particle physics factor representations are also called superselection 
sectors because a superposition of vectors in two different sectors does not 
lead to observable consequences. Therefore the charges describing the differ¬ 
ent sectors must commute with every observable. Since the time development 
belongs to the weak closure of the observable algebra it acts separately in ev¬ 
ery sector. If for example one considers a theory with only one charged field 
besides the observable algebra, then a charged field leads from one represen¬ 
tation of the observable algebra to an inequivalent one. If we use products 
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of this charged field then all sectors are obtained by applying these products 
to the vacuum sector. This picture can be generalized to several charged 
fields. In such a situation one can characterize the factor representations of 
the observable algebra by charge quantum numbers. Now we can associate 
the quantum number Q of the sector to every vector in a charged sector. 
Physically we identify most of these vectors with a family of particles which 
together must carry the charge Q. In particular in the vacuum sector a vector 
represents particles with no charge. Since the union of two families of par¬ 
ticles with no charge is again a family with no charge, to every two vectors 
in the vacuum sector there exists a third one representing the union. We do 
not know which vector this will be, but we can say that the corresponding 
four-momenta should be additive. This is just the additivity of the spectrum 
in the vacuum sector. If we have a charged particle and add this to a family 
of particles then the charge changes. This implies that we obtain another 
sector. Therefore we remain in the same sector only if we add a group of 
particles carrying the charge zero. If Sq is the spectrum of the translations 
in the sector Q and if So is that one in the vacuum sector, then we expect: 

Sq + So C Sq. 

This argument uses the spectra of the translations in two different sectors. 
We are interested in a statement concerning only one sector. If the above 
picture with the charged fields is correct, then the adjoint of such a field 
carries the opposite charge. If a sector is obtained by applying a charged 
field to the vacuum sector, then one inust find a sector with opposite charge 
to each sector. Since the spectrum does not change by this charge conjugation 
the following holds: 

S-Q = Sq. 

Moreover, a particle carrying charge Q and its antiparticle result in a neutral 
pair. Hence we expect: 


So D Sq + S-Q = Sq + Sq. 

If we insert this relation into the above equation we obtain 

Sq + Sq + Sq C Sq. 

I am convinced that one day it will turn out that this is a correct equation. 
Moreover, I believe that it can be proved by constructing an envelope of 
holomorphy for one edge of the wedge problem. However, the techniques we 
have provided in chapter III are only sufficient to prove a weaker statement. 
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IV.5.1 Theorem: 

Let {it, H, U(a)} be a factor representation of a theory of local observables 
fulfilling the spectrum condition, and assume that U(a) is the unique minimal 
representation of the translations. Assume the spectrum ofU(a) consists of 
two parts: 

(a) Isolated hyperboloids with the masses mo < mi ■■■ m* < • • ■ . 

(b) The rest starting at m c > mi where m c denotes the beginning of the 
continuous spectrum or the first accumulation point of the mfs. 

Then 

3mo > m c . 


Proof: We use a technique similar to that described in IV. 1. Define the 
functions 

F x$( a ) = (il>,n(x*)U(a)n(x)ip) 

F^(a) = (‘if,U(a)n(x)U(-a)n(x*)U(a)ip). 

Choose e > 0 and let m 0 , mi, ■ ■ ■ , mi be the masses smaller than m c — e. The 
functions F + and F~ are defined by 

F xA a ) = ( D - m l)( n -ml)- -(a- m?)F°;J(a) 

F xA a ) = (° ~ ml)(D - ml) ■ ■ • (□ - m])F° x '- (a). 

Furthermore we put 

F x ^(a) = F x ^(a) — F x ^(a). 

Now let t be a vector in the interior of V + and x an element of A(D t ). Due 
to locality we obtain F x ^(a) = 0 for a € D' 2v This implies that we can write 

F Xt ^(a) = G\^(a) - G~^(a) 

with 

supp G x ^(a) C —2 1 + V + 
supp G~^(a) C 2 t-V + . 

Taking now the Fourier transformation one sees that G + (p) is the boundary 
value of an analytic function holomorphic in T + = {z € <D d ;Imz 6 V + }. 
Accordingly G~ is the boundary value of an analytic function holomorphic 
in T~ = —T + . On the real points one has 

G + (p) = G-(p) for per 

where 

r = IT* \ supp F x ^(p). 
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In order to determine the support of F Xi ^(p) we must first fix the vector 
ip. Let s be a vector in F + with s 2 = 1 and let 8 > 0. Then the spectral 
projection U(Do,(m 0 +5)s) is not zero and hence there exist vectors ip which 
are eigenvectors of this projection. Let now V+ ={iE V + ;x 2 > m 2 }. Then 
we have supp F°’+ (p) c V+ Q and hence supp F^(p) C F+ c _ e . Since the 
function F~\ (p) contains a shift of the spectrum induced by the vector ip it 
follows that the wave operators do not affect the support of the functions. 
This means that the support of F°’^(p) and F~^{p) coincide. Hence we 
obtain: 

supp F~ 4 ,(p) C 2(mo + <5)s-F+ 0 - 
The two together amount to 

suppF Xi ^(p) C F+ c _ e U {2(m 0 + 8)s - F+J. 

Now we apply the J.-L.-D. representation described in III.4 to the coinci¬ 
dence domain T. This means that we have to consider all hyperboloids with 
apex in the order interval A),2(m 0 +<5)s which do not enter F. These are the 
hyperboloids with mass p — m c — 2mo — 28 — e. This implies that the sup¬ 
port of F x ^(p) remains stable under the J.-L.-D. construction if p < m 0 . If 
p > mo then we obtain an enlargement of the coincidence domain F which 
implies that in this case F~^{p) has its support in 2(m 0 + 8)s — V£. 

The condition p < m 0 means m c —2m 0 —28—e < m 0 or rn c —28—e < 3mo. 
If this condition holds for arbitrarily small e and <5 then we find m c < 3mo- 
This is the inequality claimed in the Theorem. 

Next assume that m c > 3m 0 . Then there exist e > 0 and <5 > 0 such that 
p > mo- In this situation we obtain 

supp F~^(p) c {2(m 0 + S)s - F+), 

since the supports of F+^(p) and F~^(p) have empty intersection. Therefore 
the theorem is proved if we can show that this is in contradiction to the 
assumption that the spectrum of U(a ) starts at mo. This will be done in a 
separate Lemma: 

IV.5.2 Lemma: 

Keep the notation of Theorem IY.5.1. The following two assumptions con¬ 
tradict each other. 

i) The spectrum ofU(a) starts exactly at mo- 

ii) For every ip with supp ip contained in the order interval < 0, (mo + 8)s > 

, s € F + , s 2 = 1, 8 > 0, and every x 6 -4(0) for some bounded region 
O, the functions F~^(p) have their support in {2(m 0 + 8)s — V +}, where 
p > (mo + 2<J) is a fixed number. 
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Proof: Since we obtain the support of ( p ) by convoluting —spec U(a ) 

twice with the support of ip we see that multiplication with (p 2 — to 2 ) does 
not change the support. Hence the support of (p) is the same as that of 

K^(p)- 

Now choose a compact set r outside of {2(mo + <5)s — V +} and a function 
with compact support f(p) € T> with 0 < f(p ) < 1, f{p) = 0 for p 6 
2(mo + S)s — Vj~, and f(p) — 1 for p 6 r. Then 

J ^ (p)f(P) d P = 0 = J F^(a)f(-a)da. 

Next choose e such that 16e||/||i < 1, and a compact K such that 
fm d \K l/( a )|d° - e ll/lli- With this we obtain: 

if {^,U(a)xU{-a)x*U(a)ip)f{-a)da\<e\\f\\i\\x\\ 2 \\ip\\ 2 . {*) 

JK 

Let q € sp ecU fl -D(o,(m 0 +< 5 )s) and let E denote the spectral projections of 
U(a). Now choose a small sphere A around q. By applying Schwarz’ lemma, 
we learn that we can choose the sphere so small that 

||(tf(o) - e i( «’“>iS7(^)|| < e for qeK 

holds. Inserting this into (*) we obtain 

I / {$,xU(-a)xip)e 2l ( q ' a) f{-a)da\<3e\\f\\i\\x\\ 2 \\ip\\ 2 

JK 

and hence 

I [ (V’.*C 7 '(-o)*V’) e2l{, ’ a) /(-o)do| < 4e||/|| 1 ||x|| 2 ||V'|| 2 . (**) 

JJR d 

Since f(p) > 0 and since f(p) = 1 for p e T one has: 

E(-r + 2q) < J U{-a)f{-a)e 2i ^da. 

Inserting this into (**) one has 

(x*ip,E(~r + 2q)xip) < 4e||/||i||a:|| 2 ||V’|| 2 . (***) 

Remember that we are dealing with a factor representation. If E(~r+2q) 
and E(A) are both non-zero then either E(A) is equivalent to a subprojec¬ 
tion on E(-T + 2q) or vice versa. This implies that there exists a partial 
isometry V in tt" with domain in E(A) and range in E(—r + 2q). Let us 
choose the vector ip in the domain of V. Then by Kaplansky’s density theo¬ 
rem there exists an operator y € 7r(^t) with ||y|| = 1 and \\(y—V)ip\\ < ei||V’||- 
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Moreover, there is an operator x* in A(0) for some O with ||i* — y\\ < e 2 . 
By choice of V we have (Vip,E{—r + 2 q)Vip) = ||V’|| 2 which implies: 

E(-r + 2q)x*if) > (1 - (1 + c 2 )(d + e 2 )). 

On the other hand we obtain for this x*, by equation (***), the estimate 

(*V, E(-r + 2 q)x*i>) < 4e||/||x(l + e 2 ) 2 . 

These two inequalities contradict each other provided we choose all the e in 
such a way that 

4e||/||(l + e 2) 2 < (l — (1 — £2)(ei + ^ 2 )) 

holds. Hence the projection E{—T + 2q) is zero. Now we choose for q the 
vector m 0 s and for r a small sphere around the point (2mo + S — (rno + 26))s. 
This sphere exists since p > mo + 28. In this case —T + 2q is a small 
sphere around 2 m 0 s — [(2mo + £)s — (mo + 2<5)s] = mys. This contradicts the 
assumption that the spectrum of U(a) starts at mo- □ 

IV.6 Absence of classical fields 

Looking at the axioms for theories of local observables one sees that there is 
one trivial way of fulfilling them. Namely we take an abelian algebra A and 
identify every A(0) with A■ Furthermore, if we choose a a to be trivial then 
of course it is implemented by 17(a) = 1 which has its spectrum at zero. 

This example raises the question whether or not one can have classical 
field theories fulfilling all assumptions of chapter I. Here we will identify 
classical field theories with abelian algebras. It is well known that classical 
field theories exist as long as one does not require the spectrum condition. It 
will be the content of the following result that there exist no classical fields 
fulfilling the spectrum condition. But first some terminology: 

IV.6.1 Definition: 

Let {A (O), A, ]R d , a} be a theory of local observables. Then the theory 
{B(0), B, IT*, a, F + } is called a sub-theory if 

(i) B(O) is a sub-C*-algebra ofA(O). 

(ii) The automorphisms a B coincide with the restriction of a A to the subal¬ 
gebra B C A, which is an invariant subalgebra by this construction. 

A allows a faithful representation {7r, U(a), %}, by assumption. For B we 
obtain a faithful representation by restriction. 
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IV.6.2 Theorem: 

Let {B(0), B, IR d , a} be a sub-theory of the theory of local observables 
{A(0),A, IR d , a}, and assume that B is an abelian C*-algebra. Then 

(1) The elements of B are translationally invariant, i.e. y G B and a G 
implies a a (y) = y- 

(2) B is a subset of the center of A, B C Z(A). 

Proof: Let F(V + ) be the projection in B** defined in II.7.1. Then a Q is 
an inner automorphism of B**F(V + ) and hence trivial since B is abelian. 
By the remark following Definition IV.6.1 we know that BF(V + ) is faithful, 
and hence a a acts trivially on B. If y G B(0) then it commutes with 4.(0 1 ) 
if Oi C O'. But since y is translation invariant it commutes with A(O) for 
every O and hence y G Z(A). Since those elements are norm-dense in B one 
has B C Z(A). □ 

Another result concerning local observables is about localization. If the 
interpretation of the observables given in Section 1.1 is correct then it should 
be impossible to localize an observable at a point. An exception are of course 
trivial observables like the identity or elements of the center of A. 

IV.6.3 Theorem: 

Let {.4.(0), .4., IR d ,a} be a theory of local observables. For a point a G IR. d 
define 

.4(a) = f| .4(0), 

a€0 

then 4(a) C Z(A). 

Proof: By the definition of the algebra at a point one has a a A{b) = 
A(a + b). Hence the algebra B generated by {.4(a), a G IR d } defines an 
invariant subalgebra of A. If one can show that a a acts trivially on B then 
one sees from the definition of B that it is an abelian algebra, and the result is 
imphed by Theorem IV.6.2. Let V(a) be the unique minimal representation 
of the translations in B**F(V + ) implementing a a on B. If we show that the 
spectrum of V(a) is the point zero then it will follow that a a acts trivially 
on B and hence B is abelian. 

To this end let ip be & vector with support in the order interval < 
0 ,p >, p G V + and let G be the central support of F(< 0 ,p >). 
Then we investigate V(a)G. Let x G .4({0}), F + = (ip,x*V(a)xip) and 
F~ — (ip, V(a)xV(—a)x*V(a)ip). Prom the continuity of the representation 
one has F + (a) = F~(a) for a 2 < 0. Let F(a) = F + (a ) - F~(a). F(a ) is zero 
for a 2 < 0 and it is bounded and continuous elsewhere. 

Fix a coordinate system such that the vector p becomes (p , 0). Then one 
obtains 
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J F(a)S(ao - a x )f(a)da = 0 

for every / G £ 1 (lR d ~ 1 ) and every chosen 1-direction. Writing the vector q = 
{Qchquq) where q represents the other variables one obtains in momentum 
space 

J F{q)f{~qo + Qi,-q) dq = 0 

where the tilde indicates the inverse Fourier transformation. Note that F(q) 
and F~ 1 F + coincide in V + \ {2 p —F + } and that supp F(q) c {V + U 
(2p — F + )}. Choosing / such that f(—qo + qi,q) = 0 for — q 0 + q x > —2po 
we obtain 

J F(q)f(-q 0 + qi,q)dq = J f(-q 0 + q u q) dq. 

Note that ( F~ 1 F + )(q ) is a positive measure. Choosing / > 0 we see that 
(F~ 1 F + )(q) = 0 for —qo + q\ < —2po- Changing the direction of q\ we have 

suppiF- 1 ^ c {V + n (2 p-V + )}. 

From this one sees that F + is entire analytic which implies that 

( ip,x*V(a)xip ) = V(a)xV(-a)x*V(a)ip) 

holds for arbitrary a. Since the vectors with compact support in momentum 
space are dense one has 

[; x*,a a (x )] = 0 for all a £ IR d , x G ^4({0}). 

Using polarization one obtains: 

{y,a a (x)\ = 0 for all a G IR d x, y 6 ,4({0}). 

From this one concludes that B is an abelian algebra. □ 

IV.7 Notes and remarks 

(1) The edge of the wedge theorem was invented in order to prove dispersion 
relations for scattering amplitudes [BOT]. See also K. Symanzik [Sy]. The 
first person to use a representation for the commutator was H. Lehmann 
[Le]. 

(2) The concept of minimal translation was introduced by D. Olesen and 
G.K. Pedersen [OP] in the case of a one-parameter group. The generalization 
to the higher dimensional case does not work under general circumstances. 





118 


Special conditions are necessary. The first construction of minimal repre¬ 
sentation was given by Borchers and Buchholz [BB]. However, this method 
was somewhat indirect. The first direct proof was presented by the author 
[Bch87]. 

(3) As we have seen, the representation of the translation group is automat¬ 
ically the minimal one if it is generated from a vacuum state. This led to 
the observation by Borchers [Bch65] that in every sector which is either the 
vacuum sector, or which is generated from the vacuum by a charged field, 
the spectrum of the translations has a support which is a Lorentz invariant 
set. In the same paper it was shown that the Lebesgue continuous and the 
discontinuous part of the spectrum also have Lorentz invariant sets as sup¬ 
ports. For the general situation Borchers and Buchholz showed in [BB] that 
the lower boundary is invariant under Lorentz transformations. The general 
invariance property of the spectral support was obtained in [Bch85]. 

(4) The first proof of the cluster property is due to the author [Bch62]. A 
systematic study of this property was started by Doplicher, Kadison, Kastler, 
and Robinson [DKKR] using the notation of asymptotic Abelian systems 
introduced by Doplicher, Kastler, and Robinson in [DKR] and independently 
by Ruelle [Ru]. This notion has been weakend by Lanford and Ruelle [LR] 
introducing the concept of G-Abelian systems. The most general concept 
leading to the cluster property has been introduced by Stprmer [Stp]. He 
called it large groups of automorphisms. One important consequence of the 
cluster property of the vacuum state is the additivity of the spectrum. The 
result is due to Wightman [Wi64]. If one has a theory with charged fields 
then the charged sectors can be labeled by 7L n . If we denote the spectrum of 
the translations in the sector h by 5h, then Wightman’s result generalizes 
to 5h t + S h 2 C Shi+hj [Bch65]. 

(5) The proof of the general additivity property of the spectrum is due 
to the author [Bch86]. In my opinion the result presented here is not the 
best one. I conjecture that the relation 35 C 5 must hold for every factor 
representation obeying spectrum condition. However, at present there are 
not enough techniques available to prove it. 

There is one more result which points in the same direction. It states 
that the spectrum cannot be finite in the mass. The proof of this result uses 
slightly different techniques from those discussed in this note for constructing 
the envelope of holomorphy. The result is due to Armbriister [Arm]. 

As promised in the beginning of this chapter we want to give examples 
showing the independence of the locality and the spectrum condition. 

The spectrum condition is necessary for the particle interpretation. But 
in order to obtain statements about the spectrum we also had to use the 
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locality condition. The first example shows that it is not sufficient to replace 
locality by asymptotic locality. 

Example: Let A C V + and fi be a Lebesgue continuous positive measure on 
A. Set H = C 2 (A,fi). Then on H exists a continuous unitary representation 
of the translations which fulfills the spectrum condition. This is given by 
U(a)f(p) = e 1 (“ ,p ) f(p). 

Define A to be the algebra of compact operators on %. Using the 
Riemann-Lebesgue lemma one easily sees that this system is asymptotically 
abelian. 

How to construct an example satisfying the locality condition but not 
the spectrum condition is indicated by Theorem IV.6.2. 

Example: Let % — £ 2 (lR' i ) with respect to the Lebesgue measure. The map 
f(b) —> f(b — a) defines a continuous unitary representation of the trans¬ 
lations. Taking for A the abelian algebra of bounded continuous functions 
on ]R d we obtain a system on which the translations do not act trivially. By 
Theorem IV.6.2 this algebra has no representation fulfilling the spectrum 
condition (except every operator is mapped onto a multiple of 1). 

Prom this example one can construct more complicated ones for istance 
combining it with a free field. If the space is two-dimensional then there 
exists an example of different nature constructed by Doplicher, Regge and 
Singer [DRS]. 
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